Unit-1

Numerical Methods - 1

Numerical Solution of Ordinary Differential Equations of First
Order and First Degree - Introduction

We have studied various analytical ( theoretical ) methods of solving differential
equations, applicable only to equations in some specific form. But the differential
equations arising out of many physical problems do not belong to a specific form and
some times analytical solution may not even exist. In some cases it may be very difficult
to solve by analytical methods. In such cases Numerical Methods assumes importance
and computers help in many numerical methods for obtaining the result to the highest
degree of accuracy.

Numerical methods for initial value problems

Consider a differential equation of first order and first degree in the form

dy _

Ir = f(x,'y) with the initial condition y(x,) =y, thatis y = y, at x = x,.

This problem of finding y is called an initial value problem.

We discuss several numerical methods for solving an initial value problem.

121} Picard’s Method

This method gives the solution of the initial value problem in the form of a power series
in x from which we can find the value of y at any number of values of x in the
neighbourhood of the initial value x,.The method is as follows.

Consider the first order differential equation :
% = f(x,y) with the initial condition y (x,) = y,

Thatis, dy = f(x,y) dx ; y=y, at x =X,

Integrating LHS between y, and y, RHSbetween x;, and x wehave,
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¥ x
I dy = ,[ flx,y) dx
Yo 9
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ie., 'y] = ff(xfy)dx or ¥ ~ Yo = J flay) ax
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The first approximation y, is obtained by putting y =y, in f(x,y) and
integrating the same. That is,

x
Y=Y+ | Flxyy) dx

X
0

The second approximation y, is obtained by putting y = yy in f (x,y) of (1) and
integrating the same. That is

X
Yo=Y+ | fluy)dx

%o

Continuing like this we get a series of approximations y; , ¥, s Y3, .- . of the initial

value problem each being a better approximation than the preceding one. This method
is referred to as the Picard’s method of successive approximations which is carried
out till we reach the desired /specified degree of accuracy.

This method can be extended to simultaneous and higher order differential equations.

WORKED PKOBLEMS

1. Use the Picard’s method to obtain the fourth approximation to the solution of

% =x+y, y(0) =1 andhencefindyat x = 0.1,02.

d .
Solution : By data, Ti% =x+y,y(0)=1
ie., dy =(x+y)dx ; y=lat x=20
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Integtatmg LHS between 1 and y, RHS between Oand x we have

X

Idy-](x+y) dx or j(x+y)dx
1 0

ie, y~1= I(x+y)dx
0

y=1+ I(Hy)dx IR § Y
0

The first approximation (y,) to the solution is obtained by putting ¥ = 1 in the
RHS of (1).

B=1+ (! (x+1)-dx=1+[-x;+x£ =1+x+—:;-2-

The second approximation (y,) iscbtained by replacing y by y; inthe RHS of (1).

y2=1+ I(x+y1)dx
0
X
=1+_[[x+(1+x+£22-”dx
0
X
e
=1+I[1+2x+-2— dx
0
y2=1+x+xz+-6—
X
Yy =1+ I(x+y2)dx
0
x 3
=1+ j(1+2x+x2+'—”6—de
0
2 B ot
y3=1-|x+ +——+-2~i
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X
Yy=1+ I(x-f-ya)dx
0

g 2 P
=1+ 6[ 1+ 2x + +-3—+£ dx

x4 x5

Thus y4=1+x+x2+?+ﬁ+ﬁa
This is the fourth approximation to the solution of the given initial value problem.
By putting x = 0.1 and x = 0.2 in the fourth approximation we have

3 4 5
y(0.1)=1+(0.1)+(0.1)2+(0';) +(°1‘;) +‘E_"210) - 1.1103

3 4 S
y(o.2)=1+(0.2)+(o.2)2+(°'32) +(°i§) + 320 - 1208

Thus y(0.1) = 1.1103 and y(0.2) = 1.2428

Note: (1) The limits of integration 0 and x has no effect when the terms involved are in
powers of x like for example : x* between 0 and x yields * — 0% = x*. However in the
case of terms like ¢*, cos x etc it does make a difference as we observe

[(Y]g=ex——80=ex—l ; [cosx ]y = cosx — cos0 = cosx - 1.

(2) We shall find the analytical solution of the initial value problem as it helps us to
correlate between the numerical solution and the analytical solution.

. . . d s .
The given equation can be written in the form E% - ¥y = x which is a linear

differential equation of the form % + Py = Q whose exact solution is given by :

yejpdxz IQeIde dx + ¢

Ide =X

Here = -1, Q = x. Hence we have ¢
The solution is ye * = Ixe'x dx + ¢
Integrating RHS by parts, we obtain,

ye F=x(~¢ ") - (1) (") +¢

— —~ - x
or yeX=-xe¥ -+ '

Multiplying by ¢ wehave y = ~x — 1 + c¢".
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Using the initial condition ¥y = 1 at x = 0 in the solution we have

1==-0-1+c¢ o= 2.
Substituting this value of ¢ , the exact ( analytical or theoretical ) solution is given by
y=2¢-x-1
= 4
Now using the series expansion of ¢* = 1 + _lx_ zﬁ 3£ + % -+ the solution
becomes,
=2 1+x+£ ﬁ gcj+_xi+ -x-1
Y= 2 "6 T2 T 120 *
AP
or _y—1+x+x2+?+ﬁ+?‘5+
Comparing this with our fourth approximation,
P
y4_1+x+x2+§+ﬁ+ﬁ

we observe that y, approximates to the exact solution upto the term in <4,

Also by putting x = 0.1 and 0.2 in the exact solution y¥ = 2¢* — x — 1 we obtain
y(01) = 2% - 0.1 - 1 = 1.1103418

y(02) = 2 % - 02 — 1 = 1.2428055

These theoretical values agrees with the values obtained from the fourth
approximation, in the numerical method.

2. Use Picard’s method to obtain the third approximation to the solution of :—i +y = ¢,

y (0) = 1 and hence find y(0.2) . Find also the true value by solving the given
equation.
d
Solution : By data, j—g +y=¢ or ‘—15 = -y
dy=( -y)dx ; y=1,x=0
Integrating LHS between 1 and y, RHS between 0 and x, we have,

x

¥ x
Idyz I(e"—y)dx or y-1-= J(ex—y)dx
1 0 0

y=1+ [ (F-y) & (D)
0
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The first approximation (y,) to the solution is obtained by putting y¥ = 1 in the
RHS of (1).

x
y =1+ I(ex—l)dx
0

=1+[F-xF=1+(F~x)-(-0)
=1+ -x-1
y, =€ - x

X
=1+ [ (&-y)dx
0

hd x
=1+ [ [F-(F-n)ax=1+ [ xax
0 0

'y2=1+'[§1=1+—1;
Y3 =1+ f(ex-yz)dx
0
1+ I[e’—{1+-{22-]:|dx
0 .

1+[f—x—§£=l+[ex—x—€-]—l

Thus y, =& - x~ };‘ is the required third approximation .

(0.2)°

6 = 1.0200694 .

Putting x = 0.2 wehave y (0.2) = ¢’? =02 -

We shall now find the analytical solution of % + y = ¢ which is of the form

g-z— + Py = Q whose solution is given by

ye-[de = IQe-[Pd” dx + ¢
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Here P=1, Q=¢ ; e—[‘Pd’rr:eJlr

Hence we have ye* = Ie" - dx+c

ie., yc}: _.-eh dx + ¢ or yex=

+cC

Can
2

Multiplyingby e *, y = %T— +ce

X

Now substituting the initial conditiony = 1, x = 0 wehave,1 = 1/2+corc = 1/2.

The solution now becomes

X
y:-e—--l-leﬁx:

—xy
5+ 5 (¢ + &) = coshx

1
2
Putting x = 02, y = % (%2 + ¢ 92y = 1,0200668

It may be observed that the numerical value and the theoretical value coincide upto
the fifth decimal place.

3. Employ Picard’s method to obtain the solution of the differential equation

% =x*+ y2 , given that y = 0 when x =0 . Hence find y(0.1) correct to

four places of decimal .

>> Since the number of approximations is not specified we shall find two
approximations to the solution.

By data g—i=x2+y2,y=0 x=0

dy = (2 + ) dx
Integrating LHS between 0 and y, RHS between 0 and x we have,

y X

jdy= I(x2+y2)dx

0 0

y= J(Z+ ) ax D)
0

X
3
Putting y = 0 inthe RHSof (1), y, = [ Pdx =%
0
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(P +y2yde= [ 12+ (23)] dx
0

(= DR B =

6 3 7
X X x
L 2 X
Thus the second approximationis y = ) + P
3 7
Now y(01)==(&1) + L83 _ 0.00033

3 63

4. Use Picard’s method to obtain the second approximation to the solution of

Z—z =x - yz » %3 =0y, =1 initially. Hence compute y (0.1) correct to four
decimal places .
>> Bydata %:x—y2 s x=0,y,=1

dy=(x-y)dx ; y=1,x=0 initially.
Integrating LHS between 1 and y , RHS between 0 and x we have,

y x x
Idy= J(x—yz)dx or y-1= I (x——yz)a’x
1 0 0
y=1+ I(x-yj')dx.
0

1+_[ (x-12)d:r=1+|:§—x£=1—x+£

0

Y1

(x — %) dx

cfi-ee2) ]

y2=1.+

DO e H

-

]
—
+

I SRR B — BY S ]

x—(l-_l-x2+xz4—2x—x3+x2”dx

where wehaveused (a + b + c)2 =@+ + + 2ab + 2bc + 2a
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y, =1+ I(—1+3x—2r2+x3—£:-de

W m A e e o o E e e e T T M R A — o o M e e B S e o w  E em m A o o e e e e e

5. Use Picard’s method to find y at x = 025, 0.5, 0.75 given 4y _ 3 ,
dx 2 41
y(0) =1 by taking two approximations .
dy _ Cy=1. 1=
>> Bydata dx_y2+1 ;y=1,x=10
dy = 2x2 dx
yo+1
Integrating LHS between 1 and y, RHS between 0 and x we have,
7 x x
Idy= f sz dx or y—l=_[ 2x2 dx
1 oy +1 oy +1
X
2
x
=1+ dx ' Q1
y ojy2+1 5)
Putting y = 1 inthe RHS of (1),
x X
2 [3] 2
=1+ dx=1+|—| =1+ —
y] 6[12""1 6 0 6
X X
2
y=1+ | SRR f i
o Bt 0( st
1+—| +1
6
3
Putting 1 + —x6— = t, we have ra dx = dt or x* dx = 24t
Hence, y, = 1 + I 24t =1+ 2tan" ! ¢

21
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ie, yp=1+[2tan"! (1+x°/6)]3
¥, =1+2tan"! (1+2%/6) - 2tan”? (1). But tan™ ! (1) = n/4
Thus y, =1 - (/2) + 2tan”* (1+x%/6)

We shall now find y at x = 0.25, 0.5, 0.75 from the second approximation taking the
value of m in radian measure.

3
+ (0-7é5)

Similarly we have to compute y (0.5) and (0.75).
Thus y(0.25) = 1.0026, y(0.5) = 10206, y(0.75) = 1.0679

- e m wm o oW W o e e Mk ML mm ke e e e e e e R R W R W TR Mm e MR AN M AR M e MR T R W W M e e o e e

y(025) =1 - n/2 +2tan_1[1 }=1.0026

6. Use Picard’s method to solve % =x+y,y(0)=1 intherange 0 < x < 0.2

with step size  h = 0.1. Perform two iterations in each step .

>> The problem has to be done in two stages since the step size is specified as 0.1
We must find two approximations using the initial condition ¥ (0) = 1 and compute
¥ (0.1) . This answer must be used as the initial condition to again find two
approximations and compute y (0.2) from it.

IStage: dy = (x+y)dx; y=1,x=0
Integrating L.H.S between 1 and y, RHS between 0 and x we have,

v x x
_‘dy: _[(x+y)dx or y—1=_[(x+y)dx
1 0 0
X
y=1+ [ (x+y) dx | ()

0

’ 2
From(1), y, =1 + I(x+l)dx= 1 +[x+—2—£
0

Y = 1+x+?

Again from (1),

X x xz
y2=1+_[(x+y1)dx=1+6[(1+2x+7}dx
0
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1

P
y2=1+x+x2+—6-

(0.1)3
6

Now y (01)=1+(01)+ (01) + = 11102 = 1.11

IIStage: dy =(x+y)dx ; y=111, x = 01

Integrating LHS betweenl.lland y, RHS between0.1and x, we have,
y X x
I dy = I (x+y)de or y-111-= I (x +y)dx
1 0.1 0.1

y =111+ [ (x+y) dx
0.1

X
From(2), y, = 111 + [(x + 111) dx
01

111 +[1.11x +£I
2 1

2
111 + [l.llx + —’g] - (1.11 x 0.1 + {01 J

2

y, =099 + 111x + %

Again from (2) y, = 1.11 + j(x +y,) dx
0.1

r 2
ie, y, =111+ j[x + (0.994 + L1ix + —” dx

-2
0.1

111+ | [0.994 +211x + g] dx
01

=111 +| 0994 x + 211——

mm

= 1.11 + | 0.994 x + 10552 +

o,

.
L

)
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y, = L11 + (0.9941‘ + 1.055 2 + ﬁ] - 10994 x 0.1 + 1.055 x 0.01 +

0.001
6

6

y, = 09999 + 0.9 x + 1.055 %% + -’f6~

Now putting x= 0.2 i.. this expression, we obtain ¥(0.2) = 1.2422

R oER ER E E m e M o w oar o MR e T S R M M e w R B SR M SR G e Er e e e e AN A dr wr e wm wm me e e

7. Compute y (0.1) and y (0.2) by solving %‘Z— = ';%, y(0) = 1 by Picard’s method.

>> Bydata,dyz(ﬁ-ﬂdx;y:l, x=0

Integrating LHS between 1 and y, RHS between 0 and x we have,

y x x :
= f[4== 1= [[¥=x
We have, 1[ dy !(y+x)dx or y-1 J{y_l_dex

x
- y-x
y=1+ (3[ (y+x]dx ... (1)
Putting y = 1in the RHS of (1) we have,
X
1-x
y1=1+I [mJ dx
0
Let 1-x=A(1+x)+B or 1-x=(A+B)+Ax

Thatimplies 1 = A+B and -1=A. Hence B =2
l-x==-1(14+x)+2

~(1+x)+2j| "

X
Now, V1=1+.[ [ 1+x
0

X
2
= 1+(_}[ [—1+1+x:[dx

=1+[—x+210g(1+x):[;
y; =1-x+2log(1+x), sincelogl = 0.

From this expression we obtain y(0.1) = 1.0906 and y(0.2) = 1.1646
Remark : We cannot find the second approximation.

e e s e me A M e e M e m Em e e M e G E E ar m E R B e e e A e E Em a e Er e M o E A
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8. Computey for x in the range 0 ( 0.25 ) 1 using Picard’s second approximation in solving
the differential equation (1 +y2) dy = 2% dx given that y = Qwhen x = O initially.
>> It should be noted that the notation (} ( 0.25 ) 1 means that the range 0 < x < 1

needs to be covered at a step size of 0.25. We need to compute the value of y at
x = 0.25,05,075and 1{y (0) = 0 bydata ] from the Picard’s second approximation.

We have, a'y:[ ]dx; y=0, x=0

2
1447

Integrating LHS between 0 and y, RHS between 0 and x we have,

X
xz }
y=I[ dx D
0 1+y2
Putting ¥ = 0 in the RHS of (1) we have,
x [ 3 X xs
X
¥ =j xzdxz -3-:| =?
0 L o
X B X
2 e
= dx = || ——5—— | dx
& 6[[1"'3'12 6‘ 1l+(x3/3)2
Putting /3 = t, wehave ¥ dx = dt
dt -1 -1,.3
=] —5 = t=|tan ~ (x7/3)
Y2 148 [ :E
Thus y2=tan_1(xs/3)

From this expression we compute y at x = 0.25, 0.5, 0.75 and 1.

- eww e W e m am ms o e m Mm R B mr e e v G MR AR EE R W W W W M e e M G N MM M E e e e E e W e e AR M e

9. Find the values of y for x = 0(0.1) 0.5 given y’ = 1+ xy, which passes through
(0, 1) from the Picard’s third approximation.

>> By data, %= l1+xy and y(0)=1

ie., dy = (1+xy)dx;y=1,x=0
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Integrating LHS between 1 and y, RHS between 0 and x we have,

y x x
Idy=f(1+xy)dx or y—1=_[(1+xy)dx
1 0 0

X
y=1+[(1+xy) dx
0

. x x,z X
From(1), y, = 1+I(1+x) dx = 1+|:x+?:|
0 0

¥ = 1+x+—2—

X X
2
Y, = 1+I(1+xyl) dx = 1+I(1+x+x2+?)dx
0

0
fy = 1+ +—+£+-£i
Yp= I¥X+5+3 4
x x
2ot S
y3=1+I(1+xy2)dx=1+j(1+x+x2+7+?+§)dx
0 0
N

Yy = 1+"+E+‘§+§+E+.}§

From this expression we obtain
y(0.1) = 11053 y(0.2) = 1.2229 ¥(03) = 1.355
y(04) = 15053  y(05) = 16769

e o e e B S W W e M T o W E M Em S W W o e m W e R e Er e W B e e W o e o

10. Solve %+y = 2x by Picard’s method given that y = 3 at x = 1 initially.

Also compute y (1.1 from the third approximation.

>> By data, % =2x-y

ie., dy=(2x-y)dx;y=3, x=1
Integrating LHS between 3 and y, RHS between 1 and x we have,

(1)
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¥ x x
Idy: J(Zx—y) dx or y-3= I(Zr-—y)dx
3 1 1

X
y=3+I(2r—y)dx _ ... (1)
1

X
From (1), y, = 3+ | (2¢~3) dx
1
e,y =3+[F-3x] = 3+(x*-3x) - (1-3)

¥ = 5-3x + x>

x
Yo = 3*.((2"‘311) dx
1

=3+ [(-5+5x-#) dx
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| [-35:: 72 528 x4) (-35 7 5 1]
=3+ + - +5 - % t3 s 12

Y3

3 2~ 6 12 6 12
- _7B_3Bx 72 52 o
B B 12776 T2 6 T12

Also from this expression we obtain y {1.1) = 2.9145

Taylor’s series method
Consider the initial value problem : % =f(xy) and y(xy) =y,

The solution. y (x ) is approximated to a power series in (x - x,) using Taylor’s
series. Then we can find the value of y for various valuesof x in the neighbourhood
of x,. :

0

We have Taylor’s series expansion of y(x) about the point x,in the form:

(x-x, ) (x-xy)°
y(x)=y(x0)+(x—x0)y’(xo)+—2! y7(x5)+ 37 ¥y (xg) 4
Here y’ & denote the vale of the derivatives 2, ©-4

ere y (xo),y (xo),... enote the value of the derivatives i’ g2

at x, which can be found by making use of the data.

WORKED PROBLEMS
11.  Use Taylor's series method to findyat  x = 0.1,0.2,0.3 considering terms upto the

third degree given that % =x®+y% and y(0) =1

>> Taylor’s series expansion of y(x) is given by

, (x"xo)z 0
y(x)=y(x0)+(x_x0)y (x0)+Ty (x0)+Ty (x0)+"'

Bydatax0=0,y0=1andy’=x2+y2

’ x2 ” x3 7
y(x) =y(0) + xy"(0) + 57 y"(0) + 57 y™(0) .. (1)

- We need to compute vy’ (0), y”“(0), y™(0)
Consider y' =2 +y* ; y'(0)=0+[y(0)P=0+1=1
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Differentiating y’ w.r.t. x we have,

y”=2x+2yyl ;

y7(0) =(2)(0) +2-y(0)-y"(0) =(2)(1)(1) =2
Differentiating y” w.r.t. x wehave,

yﬂf - 2 + 2[yyﬂ + (yf)2]
vy (0)y=2+2[(1)(2)+1*] =8
Substituting these valuesin (1) we have,

2 P
X
y(x)=1+x-1+?-2+€-8
4x3
Thatis,y(x)=1+x+x2+T

This is called as Taylor’s series approximation upto the third degree and we need to
put x = 0.1, 0.2, 0.3 inthe same. Thus we have,

3

y(01) =1+ 01 + (01)% + E(g"ﬁ = 1.1113
3

¥(02) =1+ 02+ (02)% + 4(%2) = 1.2507
3

y(03) =1 + 03 + (03)% + 4(%‘3) ~ 1426

12.  Findyat x = 1.02 correct to five decimal places given dy = (xy — 1)dx and
y=2 at x =1 applying Taylor's series method .

i

>> Taylor’s series expansion is given by

, (x-x)" (x=x)
y(x)=y(x)+ (x-x5)y (x0)+*—2—!y (xy) +Ty (xp)+: -
, 4
Bydata x, =1, y; =2 and y =E~Z-=xy—1
Since the number of derivatives for approximation is not specifically mentioned, we
shall have the approximation upto third degree. Hence we have

y(x)zy(l)+(x—l)y’(l)+_%y”(l)+(—x-§—!—)y” (1) D
Consider y" = xy — 1 ;¥ (ly =(1)(2)-1 =1
y ' =xy'+y y” () =(1)(1)y+2 =3

y" " =xy”"+y’' +y’ ; y"(1)=(1)(3)+1+1=5
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To find y (1.02), we shall substitute these values along with x = 1.02 in (1).

(1.0'2-1)2.3+ (102 - 1)

2 6 g

y(102) = 2+(1.02 - 1)1 +

=2+(0.02)+(0°2) , (002)°(5)

Thus y(1.02) = 2.02061

13.  From Taylor's series method, find  y (0.1) considering upto fourth degree term zf

y(x) satisfies the equation %:x—yz, y(0)=1

>> Taylors series expansion is given by

(x"xg)z (x"xo)a
y(x)=y(xg)+ (x—x5) ¥y (x5)+ 1 ¥ (%) LY Yy (xg)+

Byd.atax0=0,yr0=1,y’=x—y2

xZ 3 4
y(x)=y(0)+xy (0)+;y"(0)+;y'"(0) ] vy oy,

Consider ¥y’ = x— ; y’(0)=0—12=-—1
y"=l—2y'y' ; »-y"(0)=1—(2)(1)(—1)=3
y” =0-2[yy" + (01 ; y”(0)y==2[(1)(3) + (-1P] =-8

rr

y(4) =-2[yy” +y "y +t2 y" )= -2[yy” +3y'y”] (fourth derivative)

y 4 (0) = —2[(1)(-8) + (3) (=1)(3)] = 34
To find y(0.1), we shall substitute these values along with x= 0.1 in(1).

1 0.1 01
OLF (5, ! )(_8) (01)*

y(Ol)—1+(Ol)( 1) + (3)+

Thus y{0.1) = 09138

14.  Use Taylor's series method to obtain a powerseriesin (x—4) for the equatzon

5x%+y2—2:0; Xg=4,y,=1anduseittofindyat x = 4.1, 42, 43

correct to four decimal places.
>> Taylor's series expansion is given by
(x- xo )2
y(x) = y(xo) + (x_xo)y’(xo) + Y y”(xg) +
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Since Xg = 4, Y, = 1 by data, the series becomes

(x—-4) 4)

y(x) =y(4) + (x-4)y’(4) + y(4) + - (D

Consider 5xy’ + y2 -2=0
Substituting the initial values we obtain, [Note: y' = ¥’ (x)]

(5)(4) y’(4)+12=2=0 or 20y (4)=1
y’ (4)=i-005

Differentiating the given equation w.r.t. x ,
S5[xy” + y"] +2yy’ =0 [Note: y” =y”(x)]
Substituting the initial values and the value of y “(4) we have,
5[4y” (4) + 0.05] + (2)(1) (0.05) =0
ie., 20y” (4)+025+01=0

" __ 03 _
y”(4) = - = 0.0175

Since the value of the second derivative itself is small enough we shall approximate
Taylor's series as in (1) upto second degree terms only.

Substituting these values in (1) we have,
( 2

y(x) =1+ (x-4)(005) + _-35)— (-0.0175)

Wenow findy (4.1), y(42)andy(43) from this expression.

(41-4)

I

+ (41-4) (0.05) + -0.0175)

y(41)

Thus we have,

2
y(4.1) 1+(01)(005)+(01) (-0.0175) = 1.0049

2
y(4.2)=1+(02)(005)+(02) (-0.0175) = 1.0097

y(43) = 1 + (03) (005) + =5 (03)

(-0.0175) = 1.0142



20 NUMERICAL METHODS - 1

15.  Use Taylor’s series method to find  y (4.1) given that &y —
dx 2 4y
and y(4) =4.
>> Taylor’s series expansion is given by -
: (x-x)* (x-x)
y(x)=y(x0)+(x_xo)y (xg)""—z!_y (x0)+ 3T y” (x0)+"'
1

Bydatay’=x2+y ;x0=4,y0=4

a2 433
Cy(X) =y (4) + (x—4)y’(4) + %L v (4)+ %L y4) ...Q)

by approximating upto the third degree terms.

r

Consider y =-x21—y [Note: y' =y (x),y” =y”(x) etc.]

or y (P +y)=1 . (2)
Substituting the initial values we have,

v () [£2+4]1=1 or y’(4)=%=0.05
Differentiating (2) w.r.t. x,

y’(?_x+y’)+(x2+y)y”=0 , (3
Substituting the initial values and the value of y  (4) we have,

005 [(2)(4) +005] + [42 + 41 y”(4) =0
ie,  005[8+005]+20y”(4)=0
ie, 04025+ 20y” (4) =0

y”(4) = -0.020125

We observe that the value of the derivatives are small enough and the third degree
term can also be neglected. Substituting these values in (1) for computing y (4.1)
we have,

(4.1-4)?

y(41) = 4+ (41-4) (005) + 5

(-0.020125)

Thus y(4.1) = 4.0049

e o G E e e T o B B M e me e v En R G = v o e e Ee M M e e e M E o e v o o e o
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16. Use Taylor’s series method tosolve y” = 2+ y intherange 0 < x < 0.2 bytaking

stepsize h = 0.1 given that y = 10 at x = 0 imtially considering terms upto the
fourth degree .

>> In this problem, since the step size is specified as 0.1, the problem has to be done
in two stages. We have to first find y(0.1) and use this as the initial condition to
compute y (0.2).

Taylor’s series expansion is given by

(x—2xy)
y(x) =y(x) + (x=%)y" (%) + = — y" (%)
(x—x0)3 B (x—x0)4 .
T Y () b Y () ()
I Stage: By data y’=x2+y, X =0, y,=10
y’(0)=0°+10=10 or y’(0)=10
Differentiating ¥~ w.r.t.x successively we have,
y’ =2+’ ;0 y”(0)=(2)(0)+y’(0)=0+10=10
y” =2+y" ;o yT(0)=2+y"(0)=2+10=12
y”lf=y”l ; ylfi.!(o):lz
With x = 0.1 and x, =0, (1) becomes
, (017
y(01)=y(0) + (01)y"(0) + 5 Y (0)
0'1 3 e 0-1 4 il
L0400y + 820y (o)

10 + (0‘1)10+%1_(10)+9Q69l(12) +9~'g% (12)

Thus y(0.1) = 11.05205 ~ 11.052
II Stage : Now taking x, = 0.1, y, = 11.052 we have

y'=x*+y ;  y'(01) =(01)*+ 11052 =11.062
y =2 +y’ ;  y”(01) =2(01)+11.062 = 11.262
y’=2+y” ;  y™(01) =2+ 11262 = 13.262

Y=y ;o y™(01) = 13262
With x = 0.2 and x, = 0.1, (1) becomes
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) 001
¥(02) = y(01) + (01)y"(01) + =5~ y” (0.1)

0.001 ,, 0.0001 ,,,

+ =y (00) £ Ty (0)

=11.052+ (0.1 (11.062) + 9'501 (11.262) + __0-201 (13.262)+ 02301

Thus ¥ (0.2) = 12216776 = 12.2168

= e o o E o ar W M E O E e o o M oas o e e L = o e e MW v Fv e Ee e e o Em e B e em e o e o e

(13.262)

17. Employ Taylor’s series method to find yat x = 0.1and 0.2 correct to four places of decimal
dy

-
passes through the origin. Also find y (0.1) and (0.2) by analytical method.

in step size of 0.1 given the linear differential equation 2y = 3 € whose solution

>> Bydata, y" = 2y+3¢ and y(0) = 0. Thatis x; =0, y, = 0

Taylor’s series expansion is given by

(x—xo)2
y(x) =y () + (x=x)y " (x)+——7 ¥y " (x)+- (1)
Step -1: We shall compute y (0.1)
Consider  y’=2y+3¢ ; y’(0) =2(0)+3 =3
y” =2y’+3¢ ; y”(0) =2(3)+3 =9
y” =2y”+3e 5 y”(0) =2(9+3 =21

From (1) we have,

. 2 3
y(O]') = y(0)+(01)y’(0)+£0'2A y”(0)+£0'6i yl”(o)

by considering terms upto third degree. Further we have

y(01) = 0+(0.1)3+0',i,’1 (9)+°'%°1 (21)

Thus y(0.1) = 0.3485
Step - 2: We shall compute y(0.2)

Consider y’ = 2y+3¢" and let x, =01, y, = 0.3485

~ Now y’(01)=2y(01)+3¢ ; y'(0.1) = 40125
y” =2y’ +3¢

y”(0.1) = 2(40125)+3>  ; y”(01) = 11.3405
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y” =2y”+3€¢ ;¥ (01) = 2(11.3405)+3 %1 ; y (0.1) = 25995
We have from (1)

¥(02) = y(0.1)+(0.1) y'(o.1)+90—1 y"(0.1)+0'%01 ¥ (0.1)

y(02) = 0.3485+(0.1) (40125)+9(£ (11.3405 ) + 001

(25.9965 )

Thus y(0.2) = 0.8108

Solution by analytical method

%-Zy = 3¢" is of the form

B i

+Py=Q where P=-2, Q=3¢

Solution : yeIde = _[Qe-fpdx dx+c
ie., ye 2t = IBe" e 2% dx+c

ye ¥ =3¢ +c or y-= -3¢ +ce** is the general solution.
Applying the condition y (0) = 0, the general solution becomes
=-3+c or c=3
y = 3(e% —e”) is the befitting solution.
Thus y(0.1) = 0.3487 and y(0.2) = 0.8113 by the analytical method.

18. Using Taylor's series method, obtain the values of yat x =01 (01) 0.3 to four
significant figures if y satisfies the equation y” = —xy given that y = 0.5 and
y = 1when x = 0 taking the ﬁrst five terms of the Taylor’s series expansion,

>> Taylor's series expansion is given by

y(x) —y(xo)+(x x5) ¥ (% )+(j:—)y”(x0)+--- - (D)
Bydata,  y” = -y .y =1, y'(0)=05
Consider y”' =-xy ; y”(0)y =0

y” =-xy’'-y ;o yr(0)  =-1
Yy = —xyr-2y 5 yM0) =-1
From (1), the first five terms of the Taylor’s series expansion is given by

» 3
y(x) = y(0)+xy’ (0)-%-'2—l y7(0) + -é.--l- y"’(0)+24 y(4)(0)
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Now, y(01) =14+(01)(05)-2001 00001 . g
6 24

y(02) =1+(02) (0.5)—0'(;08 - 0‘2316 = 1.0986

y(03) =1+(03) (0.5)—0'%27 - 0‘2281 = 1.1452

Thus y(0.1) = 1.0498, y(0.2) = 1.0986, y(0.3) = 1.1452

EXERCISES

Use Picard’s method to solve the following initial value problems

1 % = 1+xy;y(0) = 2. Compute y(0.1), y(0.2) and y(0.3) from the third

approximation,
2, % =1 +y2;x0 = 0, yp = 0. Perform 3 iterations. Obtain the analytical solution

as a power series upto the term containing .

3. % =x+ y2 +1, y (0) = 0. Obtain the series approximation. upto the

fifth degree terms.
4. % =x+y ; y(0) =1. Compute y (0.2 ) from the second approximation.

5. % = y—xz, y(0) =1 in the range 0 < x < 0.2 by considering the third

approximation to the solution.

Use Taylor’s series method to solve the following initial value problems.

6. % =x - ¥ y{(0) = 1. Compute y (0.1 ) considering terms upto fourth degree.

7. % = x2y =1, y(0) = 1. Compute y(0.03) using the expansion of y upto
second degree terms.
8 % =xy”% y(1) = 1. Computey(11) & ¥ (1.2) by taking step size 0.1
9. % =x+y; x=1y =0 Fnd the third order approximation of the solution
and use it to compute ¥ (1.1),¥(12) and y(1.3).

10. g% = xzy—l,y(O) = lintherange 0 < x < 0.2 taking step size 0.1
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ANSWERS
i 4 5 .6
x x x x
1 2+x+2°+ 5t T T5 o s 21104, 22431, 2.4012
JCS 2x5 x7 . . x3 2x5
2 x+T et Analytlcalsoluhon:y=tanx=x+~3—+—ﬁ,
by expanding tan x as a Maclaurin’s series.
Z ¥ ot P 32 228 K AP
3. x+§-+?+z+§(—) 4. l+x+T+_§-+Z+% ; 1.2657
3 x4 x5
5. 1+x+75+7 =15+ 59 5 ¥(01) = 11018 and y(02) = 1.2079
6. 0.8373 7. 097 8. 1.107,1.228

9. y=(x-1)+ (x-1)% + %(x-—1)3;0.1105,0.244,0.4035

10. 0.9003, 0.8023

Modified Euler's Method
Consider the initial value problem 7~ = flxy) jy(x) = y,-
Weneed to find y atx, = x; + k.

We first obtain y (x;) = ¥, by applying Euler’s formula and this value is regarded
as the initial approximation for y, usually denoted by yl(o) also called as the
predicted valueof y, .

Euler's formula is given by

¥l =g + (% Yp)

Since the accuracy is poor in this formuia this value y, is successively improved
(corrected) to the desired degree of accuracy by the following Modified Euler’s formula,

where the successive approximations are denoted by yl(1 ), yl(z), yl(s) . ... efe

h
yl(l) =Y t E[f(x(yyo) +f(x1,y1(0))}
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h
WP =0+ 5 [ S w) + flar )]

h
WP =g+ g |fGowe) + fGp ™) ]

Each of the succeeding approximation is better than the preceding ones. They are
called corrected values. Euler’s formula and modified Euler’s formula jointly are also
called as Euler’s predictor and corrector formulae.

WORKED PROBLEMS

19. Given dy =1+ E,

dx x
taking step size h =0.2 applying modified Euler's method. Also find the value of y at
x = 1.2and 1.4 from the analytical solution of the equation.

y = 2 atx = 1, find the approximate value of y atx = 1.4 by

>> The problem has to be worked in two stages.
I Stage : =1 yy,=2, f(x,y) =1+ (y/x), h=02

=X+ h =12 y(x) =y =y(12) =7
Now, f(xpy,)=1+(2/1)=3
We have Euler's formula : y(® = y; + hf(x,, ¥, ) (1)
yi® =2+ (02)(3) = 26
Further we have modified Euler’s formula :
w3 [Frop) + Fny®)] @
=2+ (01) [3+ (1 +y{ V)]
=2+ (01)[4+y®12]
=2+ (01) [4+26/12]
yi1) = 26167
Next approximation yl( 2) is got just by replacing the value of yl( Yin place of yl( 0)
Now, yl(z) =2+ (01) [4 + 2.6167/1.2] = 2.6181
Again y{®) =2+ (01) [4 + 26181/12] = 2.6182. Also y'?) = 26182

Thus y (1.2) = 2.6182
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I1 Stage: We repeat the process by taking y (1.2) = 2.6182 as the initial condition.
xp =12, yp = 26182 ; f(x9,) =1+ (¥y/x,) = 3.1818
X, =% +h=14 y(x) =y =y(1l4) =?

We have from (1),
yi®) = 26182 + (0.2) (3.1818) = 3.2546
Now from (2), .
y{1) = 256182 + (0.1) [31818 + (1 + y{V/x))]

ie,  yil)=26182 + (01) [41818 + 3.2546/1.4] = 3.2689
y{?) = 26182 + (0.1) [41818 + 3.2689/1.4 1= 3.2699

y3) = 26182 + (0.1) {41818 + 3.2699/14] = 3.2699

Thus y(1.4) = 3.2699 = 3.27
Now, let us find the analytical solution of the equation :

C—iz=1+l or‘—iz—y-=l
dx X dx

X
This is a linear d.e. of the form %‘% + Py = Q whose solution is given by

yedex= Ier‘de Ix +
Here P=-1/x and Q =1

oJpax _ o fxax | logx _ g jogx _ gy
The solution becomes, y-1/x = _[1 -l/xdx + ¢
ie., y/x =logx + c.

Applying the initial condition that ¥ = 2 at x = 1 we have,

2/1 =logl + ¢ ~ ¢=2 since logl =0
The solution now becomes,

y/x =logx + 2 or y = x(logx + 2)
This is the analytical solution of the given initial value problem.
Now by putting x = 1.2 and 1.4 we obtain,
y(12) = 12(log,12 + 2) = 2.6188 & y(14)= 14(log,14 + 2) = 3.2711
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i

Solutions are tabulated for comparison.

Solution By modified By analytical
¥ (%) Euler’s method method
y(1.2) 2.6182 2.6188
i y(14) 3.2699 3.2711

20. Using modified Euler’s method find y at x = 0.2 given

ﬂ=3x+ly with

dx 2

y{(0)=1 taking h = 0.1. Perform three iterations at each step.

>> Weneed to find y (0.2 ) by taking 7 = 0.1.
This implies that the problem has to be done in two stages.
IStage : Bydata x, =0, y, = Lh =01, f(xy)=3x+ (y/2)

f(xy ¥) =05, x, =x,+h =01

yix) = ¥, = y(0.1) =7
From Euler’s formula : yl(o) = Yo + hf(x5y,) we obtain

y{% =14+(01) (05) = 1.05
We have modified Euler’s formula,

h . )
yl(l) =Yt 5 [f(xor Yg) + f(xl,y](o))} (first iteration)
(0)
-1+9'-1|r05+3x +hL_1|
= 5 | O . 2|

—

y (O
1+005]05+3(01) + IT

1l

(0)
¥y
=1+ 005] 0.8 +“—j—:!

e, 3 =1+ 005 [0.8 + Lgﬂ = 1.06625

The second iterative value is got simply by replacing yl( 9) by yl( D

That is by replacing 1.06625 in place of 1.05
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y8 =14 005 [0.8 R 1‘062625} - 1.0667
y?) =1+ 005 [0.8 + 1'0—2@] = 1.0667

Thus y(0.1) = 1.0667
II Stage : Now, let Xy = 0.1, Y = 1.0667

Wehave f(x,y) = 3x + (y/2)

f(xq, ¥p) =3(01) + 1—0§£ = (.83335

x, =X +h=02; y =y(x)=y(02)=
From Euler’s formula we obtain

y{®) = 1.0667 + 0.1 (0.83335) = 1.15

Next, from modified Euler's formula,

0.1 | yl(O)
1 .
w1 = 10667 + = |LO.83335 + 3% + T
[ y{®

— 1.0667 + 0.05 | 0.83335 + 3(02) + —5—

= 1.0667 + 0.05 [143335 L 15} - 1.1671
y{?) = 10667 + 0.05 { 143335 + & 1671 } = 1.1675
y{®) = 1.0667 + 0.05 [143335 L 1675} - 1.1676

Thus y(0.2) = 11676

21.  Using modified Euler’s method find y (0.2) correct to four decimal places solving the

equation % =x - yz,y(O) =1 taking h = 0.1

>> We shall first compute y (0.1) and use this value to compute y (0.2)
01, f(x,y)=x - yz

flxgyy) =0-1"=-1, x, = x5 + h = 01
y(x) =y, =y(01) =

I Stage : By data X, = 0, Yo =1 h
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From Euler’s formula : yl(o) =y, + hf(x;y,) weobtain

yi% =1+ (01)(-1) =09

We have modified Euler’s formula,

5D =y + 5 [£in g0+ Fm 4]
2
e[ ren- ) |
=1+ 005[-1+01-(09)]
=1+005[-09 - (09)] = 09145
y{?) =1+ 005 [-09 - (0.9145)*] = 09132

y?) = 09133
Thus y{0.1) = 0.9133
I Stage: Now, let x; = 0.1, y, = 09133. f(xy) = x ~ yz

flxyyy) = 01 = (091332 = —0.7341

X, = X5+ h =02, y(xl) =y(02) =7?

1
Substituting in the Euler’s formula,
9 = 09133 + (0.1) (~0.7341) = 0.8399

Now from the modified Euler’s formula,

2
01 0
yl(l)=09133+7|:—07341+x1—{y1( )} ]

= 09133 + 0.05 [-0.7341 + 02 — (0.8399)7]
0.9133 + 0.05 [~ 05341 - (0.8399)2] = 0.8513

i)

0.9133 + 0.05[-0.5341 - ( 0.8513 1 = 0.8504

y{®) = 09133 + 0.05 [-0.5341 - (0.8504)° ] = 0.8504

Thus y{(0.2) = 0.8504
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22. Using modified Euler’s method find y (20.2) and y(20.4) given that

d X . .
-EE = log,, [;] with y(20) = 5 taking h = 0.2

>>  Weshall first compute y(20.2) and use this value to compute y (20.4)
IStage: Bydata x;, =20, y, =5 and h = 0.2

f(xly) = loglO [;J Jf(xoyyo) = 10g10(4) = 0.6021

X, =Xy + h =202, y(x;) =y, =y(202) =7?

1

From Euler’s formula : yl( ) = Yy + hf(xyy,) weobtain
y{® =5+ (02) (0.6021) = 5.1204

Next by modified Euler’s formula

§ .
W =y + 35 [f(ngyo) + fx 9 ™)

e V7
=5+ 92 0.6021 + log,, m}

yi1 =5+ 01 [0.6021 + logy, [—Z—Qi” = 5.1198

yi*) =5+ 01 |:0.6021 + log,, [_2—0—2—” = 5.1198

Thus y (20.2) = 5.1198
Il Stage : Now, let x, = 20.2, y, = 5.1198

f(xy) = logy, [5] ; f(xgyy) = 05961

X, =x,+h =204, y(x)=y =y(204)=?

1

Substituting in the Euler’s formula,

yi®) = 51198 + (0.2) (0.5961) = 5.239
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Now by modified Euler’s formula,

(1) _ 02 !
W) = 5198 1 57 05961 4 logy | )J
— \ ! p
( 204
= 51198 + 01 | 0591 + logyg | g | | = 52384
#{2) = 51198 + 0.1 | 0.59%1 + log,, %” = 52385

Thus y(20.4) = 5.2385

23, Use modified Euler’s method to solve % =x+ | Vy | intherange0 < x < 04
by taking h = 0.2 given that y=1 at x = 0 initiglly .

>> Weneed to compute y(0.2) and y(04) with h = 0.2

IStage: Bydatax; =0, y, =1 f(xry)=x+ Yy, h =02

where the modulus sign indicates that we have to take only the positive value of Vy.
Flagyy) =0+ 5T =1 x =x5+h=02
y(xl) = y] = y(OZ) =7

From Euler’s formula : yl(G) =Y, + hf(xy ¥,) weobtain
y{® =1+02(1) =12

We have modified Euler’s formula,

h
yl(l) =Yy t o |:f(x0:y0) +f(x1ry1(0})}

' 0.2
=1 +7[1 + X +,.f yl(o)}

1+01[1+02+V12]=12295

yi¥ =1 +01[12+V12295] = 12309
yi3 =1 40112+ V123091 = 1.2309

Thus y(0.2) = 1.2309
II Stage : Now let Xy = 0.2, Yy = 1.2309

flxy)=x+Vy ; f(xgy,) = 02 + V12309 = 1.3095
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X =x0+h=0.4, y(x)=y =y(04)=7
Substituting in the Euler’s formula,
y{?) = 12309 + 0.2 (1.3095) =1.4928

Next from modified Euler’s formula,

: 02
pt) = 12309 + = [1.3095 +x, 40 yl(‘”}

= 12309 + 0.1 [1.3095 + 0.4 + V14928 | = 1524
y{?) = 12309 + 0.1 [ 17095 + V1524 ] = 1.5253
y{3) = 12309 + 0.1 [1.7095 + V15253 ] = 1.5254

Also  y{*) = 15254

Thus y(04) = 1.5254

24, Use modified Euler’s method to compute y(0.1) given that %‘Z* =2+ ¥

y(0) =1 bytaking h = 0.05 conéidering the accuracy upto two approximations in
each step .

>> We need to compute y (0.05) first ahd use this value to compute y(0.1).
IStage: Bydataxy =0, yy =1, f(xy) = X +y, h=005

flxy yg) =0 +1 =1, x, = x;+ h = 0.05

y(x )=y = y(0.05) =?

From Euler’s formula : yl( o) = Yo + hf (x3Y,) we obtain

yi% =1+ (005) (1) = 1.05

Next by modified Euler’s formula,
h 0
yill =yt 3 [f(xo'yo) + fCxy ))}

0.05 (0)
1+ [1+x§+y1 }

2

1+ 00251+ (005)° + 1.05]
1 + 0.025[1.0025 + 1.05] = 1.0513

Il
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y{?) =1 + 0025 [1.0025 + 1.0513] = 1.0513
Thus y(0.05) = 1.0513
I Stage: Now,let x, = 0.05, y, = 1.0513
f(xy) =2 +y; f(xpyy) = (005)° + 1.0513 = 1.0538
C x=xg 4 h =01 y(x) =y =y(01) =2
Substituting in the Euler’s formula,
y{?) = 1.0513 + 0.05(1.0538) = 1.104

Next from the modified Euler’s formula,

1 0.05 0
i = 10513 + 7> [1.0538 + 2ty )]

1.0513 + 0.025[1.0538 + (0.1)? + 1.104]
1.0513 + 0.025 [ 1.0638 + 1.104] = 1.1055

2
yt?)

Thus the required y (0.1} = 1.1055

1.0513 + 0.025 [1.0638 + 1.1055] = 1.1055

25. Using Euler’s predictor and corrector formulae solve % =x+y at x = 0.2 given
that y(0) = 1

>> Weneed tocompute y(0.2) and since the step size is not specified we shall take
it to be 0.2 itself.

By datawehave, x; = 0, y5 = 1, f(x,y) = x + y and h = 0.2 (assumed)
flxpy)=0+1=1x =x5+h=02
y(x )=y = ¥(02) =7

We have Euler’s formula (predictor formula)
y (0 =y + hf(xp9,) = 1+ (02)1 =12

Next consider modified Euler’s formula (corrector formula)
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h
yl(l) = y[] + E [f(x(y!/g) +f(x1!y1(0))i|

1+0j2[1+x1+y1(0)}

1+01[1+02+(12)]=124

yi# =1+ 01 (12 + (124)] = 1.244
yi¥ =1+01[12+1244] = 12444
yf4) =1+ 01[12+ 1.2444] = 1.24444

Thus the required y (0.2} = 1.2444

Remark : Ifwe had worked the problem in two stages ( Taking h = 0.1 ) we would have got
more accurate answer. It may be noted that lesser is the step size, greater is the accuracy.

26. Using Euler’s predictor and corrector formula compute y (1.1) correct to five decimal

places given that %+% = % and y = 1 at x = 1. Alsofind the analytical solution.

>> Bydata,g'i—}w_l or dy _1-xy

dx 2 x dx ¥

Wehavef(x,y)=1_2xy i ¥y =1,y,=1 Letustake h = 0.1
X

f(xy,99) =0, 2 =xy+h =11
y(x) =y =y(11) =72
From Euler’s formula : y(lo) = Yo+ hf(xy, yy), we obtain y(lo) =1
We have modified Euler’s formula,
h
y§°)=y0+5[f<x0, ¥o) + f(xp, yg"’)}

(0)
1+~Q~'-1~ 0+—1—x1 !
2

1

1+0.05 [E—_lel) } = 0.9959
(11)

]
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2 = 14005 | TELOID) 1 99605
(11)
#3) = 1+0.05 { 1_1'1( 1(;}';9605 )} = 0.99605

thus  y(1.1) = 0.99605
Analytical Solution

%+% = ;12—isoftheform %+Py = Q where P = 1/x and Q = 1/

whose solution is given by

y efPax J’erpa’x dxc

JPax _ Juxax | Jogx _
Soluﬁon:y-x:f%-x dx +c |
ie., xy = logx+c. Using y(1) =1, 1=1logl+c . ¢=1
The befitting solutionisxy = logx+1 or y = l_og%j_}_

Now y(11)= lgg%)ﬂ = 0.99574

Thus  y(11) = 0.99574 is the analytical solution.

Rung;e - Kutta method of fourth order

Consider the initial value problem % =f(xy)y(x)) =y, Weneedtofind
y(x, + h)where h is the step size.
We have to first compute k1 , k2 , k3 \ k4 by the following formulae.
ky =hf(xy, yy)
k
h 1
kzzhf[x0+§,y0+-2—)

k

h
hf{xo 5 Yt T'Z_}
= h (x0+h,yo+k3)

i

ky
Ky

1
The required v (x, + 1) = y, + P (kg + 2ky + 2ky + k)
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WORKED PROBLEMS

27. Given % = 3x + % . y(0) =1 compute y(0.2) by taking h = 0.2 using
Runge-Kutta method of fourth order. Also find the analytical solution.

>> By data f(x,y) =3x +3, x=0, yy=1, k=02

We shall first compute k,, k,, k;, k,.

k, = hf(xy,) = (02)£(0,1) = (0.2)[3 x 0 + %} =01

h k 02 0.1
ky, = hf(x0 t5 Yt EIJ = (0.2)f[0 t 1 +—J

1.05

k, = (02)f(0.1,1.05) = (0.2) {3 x 0.1 + —2—} = 0.165

h k 02 0.165
ky = hf[xo * 5, Yt —23] = (0.2)f(0 + 5, 1 T)
k, = (0.2) £ (0.1, 1.0825) = (0.2) [3 x 0.1 + %} = 0.16825

ky = hf (% + hyy+ ky) = (02)£(02, 1.16825)

1.16825
2

ky = (0.2) {3 x 0.2 + } = 0.236825

1
We have y(x, +h) = Yo + 5 (k1 + 2k2 + 2](3 + k4)

y(02) =1+ é (01 + 2x 0.165 + 2x 0.16825 + 0.236825)
Thus y(0.2) = 1.1672208
We shall find the analytical solution of the given equation by writing in the form

Z‘lx + Py = Q whose solution is yejpdx = er-[de dx +c

Ez_.‘i= =:__1_ - . Ide= -~ x/2
We have i 3x . Here P 5 Q=3x; ¢ e
The solution becomes ye~ X2 _ 3 Ix e 2dx + c.
Integrating RHS by parts we have,
ye V2 =3[xe ¥% (-2) - J'e_ﬂz (=2).1dx] + ¢

ye V2 =3[-2xe ¥ - 42 4 ¢
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Multiplying with ¢™* weobtain, y = —6x ~ 12 + ce*’2

Applying the initial conditionthat y =1 at x = 0 the solution becomes,
1=0-12+c oo =13

The analytical solution of the initial value problem is given by,
y=—6x—12 + 13¢*?2

Now by putting x = 0.2 we have
y(02) = -6(02) -12 + 13" = 1.1672219

Thus ¥ (0.2) = 1.1672219, by analytical method.

28. Use fourth order Runge-Kutta method to solve (x + y) % =1, y(04)=1 at

x = 0.5 correct to four decimal places .

>> Wehave‘—izz—-l——andy=1atx=0.4

dx  x+y

1
= — a= = =7
flx,y) x+y’x0 04, y, =1 y(05) =7

Here x,+h=05 .. h=05-x=05-04=01
We shall first compute k,, k,, kj, k,.

1
ki = hf (x5, 4y) = (0.1)f(04,1)= (0'1)[0.4 " 1] = 00714
h k 0.1 0.0714
k, = hf[xo t oYyt El] = (0.1)f(0.4 t5 1+ 2 )
k, = (0.1) f(045, 1.0357) = (0.1) [m} = 0.0673

ky = hf[xo + g Yy + %) = (0.1)£(0.45,1.03365)

1
0.45 + 1.03365

ky=hf(xy+h,yy+ k) = (01) f(05,1.0674)

, = (0.1) j|=0.0674

i 1
ke = (0} S5 To6m

} = (0.0638
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Wehave, y(x, + h) =y, + % (ky + 2k, + 2k + ky)
y(05)=1+ % [0.0714 + 2(0.0673)+ 2(0.0674) + 0.0638)]
Thus 4 (0.5) = 1.0674

29, Using Runge-Kutta method of fourth order, find y(02) for the equation

dy _y-x - e b =
dx”y+x’y(0) 1 taking h = 0.2

>> Bydata f(x,y) = y-x x=0,y,=1,h=02

y+x’
We shall first compute kl’ k?_, k3, k4.
1-0
k1 = hf(xo,yo) =(02) f(0, 1) =(02) {m} =02
k,=h h ﬁ = (0.2 01,11
5= f x0+2,y0+ 2 = (02)f(01,11)
1.1 ‘-0-1 . Il
k2 = (0.2){1‘1 o1 ] = 0.1667
h 1(% = (0.2 0.1, 1.0835
kg,:hf x0+51y0+2 “(0 )f(: )
1.0835 - 0.1
k3 = (0.2) {1.0835 " 0.1} = (.1662
k4=hf(x0+h, y0+k3)=(0.2)f(0.2,1.1662)
1.1662 - 0.2 | _
ky = (02) [1.1662 " 02} = 0.1414

Wehave, y(x, + h) =y, + % (ky + 2k, +2k; +ky)
y(02) =1+ % [0.2 + 2(0.1667) +2(0.1662) + 0.1414]
Thus y(02) = 1.1679
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30. Use fourth order Runge-Kutta method to find y at x = 0.1 given that
% =3¢+ 2y, y(0)=0and h = 0.1
>> Bydata, f(x, y) = 3¢" + 2y, X =0,y,=0, h =01
We shall first compute kl, k2' k3, k4. |
ky = hf(xy yp) = (01)f(0,0) = (01)[3¢° + 2x0] = 0.3

k
h 1
k, = hf(xo t oY+ 3] = (0.1)£(0.05,0.15)

k, = (0.1) [3e"% + 2(0.15)] = 03454

k
ky = hf[xo + g Yo + §J= (0.1)f(0.05,0.1727 )

ky = (0.1) [3¢%% + 2(0.1727)] = 03499
ky=hf(xy+h, y, +k) =(01)f(01,03499)

ky = (01)[3¢ +2(03499)] = 0.4015
1
We have, y(xy + h) = Yo + 6 (k1 + 2k2 + 2k3 + k4)

y(01) =0+ % [03 +2(03454) + 2(03499) + 04015 ]

Thus y(0.1) = 0.3487

31.  Use fourth order Runge-Kutta method to compute y (1.1) given that g_x =xy 7,
y(1) =1

>> Bydata f(x,y) = xyl/s, Xg=1y,=1
Weneed to compute y(1.1). Thisimpliesthat x;, + # = 1.1 - h =01

We shall first compute k), k), k;, k.
ki = hf(x5Y,)

ky = (01)f(L1) = (01)[(1)(1)"?] = 01



RUNGE KUTTA METHOD 41

h ky
ky = hf(xo oYt ?J= (0.1)f(1.05,1.05)

k, = (0.1) [(1.05)(1.05)"3] = 0.1067

ky = hf[xo + g Yo + ];—2] = (0.1)f(1.05,1.05335)
ky = (0.1)[(1.05)(1.05335 131 = 0.1068

ky = hf(xg+h, yy + ky) = (0.1)f (11, 1.1068)

ky=(01) [(11) (1.1068)3] = 0.1138
We have, y(xg+h) =y, + -;',:— (ky + 2k, + 2Ky + k)

y(Ll) =1+ % [0.1 +2(0.1067) + 2(0.1068) + 0.1138]

Thus y(1.1) = 1.1068

32. Using Runge Kutta method of fourth order solve % +y =2x atx = 1.1 given that

y=3atx =1 initially .

d
>> Wehave%:Zx—y,x0=l,y0=3

xy)=2x-y, x,+h=11 . h=01
We shall first compute kl' k2' ka, k4.
ki = hf(xy yy) = (01)f(1,3) = (01)[2(1)-3)] = -0.1

h ky 0.1
k, = hf[xo F Y+ EJ = (01 )f[1.05, 3 - 7}

, = (0.1) f(105,295) = (0.1)[2(1.05) - 295] = - 0.085

h k 0.085
ky = hf [xo + 3 Yyt EJ = (0.1)f[1.05, S‘TJ

ky = (0.1)f(1.05, 29575) = (0.1) [2(1.05) — 29575] = —0.08575
ky = hf(xy+h yy+ ky) = (0.1)F(11, 3-0.08575)
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k, = (0.1)f(11, 291425) = (0.1) [2(1.1) — 2.91425]

k

, = —0071425

[}

1
Wehave, y(x, + h) =y, + P (ky + 2ky + 2k + ky)

y(11) =3 + % [~o.1 + 2(-0.085) + 2(-0.08575) - 0.071425]

Thus y(1.1) = 2.9145125 = 2.9145

33. Using Runge-kutta method of fourth order find y (0.2 ) for the equation % S . ,
y{(0) =1 taking h = 0.1

>> The problem has to be done in two stages.

I Stage : f(x,y)zm %, =0, yy=1, h =01

y+x’
We shall first compute k1 ) sz k3, k4.

k, = hf(x ) = (01)f(0,1) = (0.1) 1=00_ 01
1= hf(x, yg) = (0. A=A T e | T
k = h . 0.1
, = hf | %g+3, Yo+ 5 | = (0.1) £(0.05, 1.05)

1.05 - 0.05
kp = (01) { 1.05+o.05} = 0091
k, = h h _k3 = (0.1) f(0.05, 1.0455
s_fx0+2,y0+2 ={0.1) f(0.05, 1. )

[ 1.0455 - 0.05
"3“(0‘1)_1.0455+o.05}"0‘0909

k, = hf (xg+h, y,+ks) = (01) £(01, 1.0909)

[ 1.0909 - 0.1

ky = (01) | 1.0909 +0.1

} = 0.0832

1
We have, y(x0+h) = y0+€ (k1+2kz+2k3+k4)
y(01) = 1+%(0.1+0.182+0.1818+0.0832)

Thus y(0.1) = 1091167 = 1.0912
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Il Stage: f(x, y) = yix Xy = 01,y, = 10912, h = 0.1
Again by using the same formulae for ki, ky, ks, kg we have,
1.0912 -0.1
k. = (01 0.1, 1.0912) = (0.1) | -——= = 0.
1= (01) A 0912) = (0 )[1.0912+0.1;] 0.0832
ky = (0.1) £(0.15, 1.1328) = 0.0766
ky = (0.1) f(0.15, 1.1295) = 0.07655
4 = (0.1) (0.2, 1.16775) = 0.07075
1
Now y(x0+h) = y0+g (k1 +2k2+2k3+k4)
¥(01+01) = 1.0912+ % (0.0832 + 0.1532 + 0.1531 + 0.07075 )
Thus y(0.2) = 1.167908 = 1.1679
Remark: Referring to Problem-29, the problem has been worked in one stagewithh = 0.2
and we have obtained y (0.2) = 1.1679
3. Solve : (=) dx = (P +22) dy for x = 0(02) 04 given that y = 1 at

x = 0 initially, by applying Runge - Kutta method of order 4.

dy _yo-x*
>> Wehavea_?;—xi,xo~0,y0—1,h—0.2

IStage: f(x, y) = 322—;:; We shall compute &, , k,, k,, k, .

ky = hf(x,, ¥y) = (02) (0, 1) = (02)1 = 0.2

h kl
ky = hf[x0+~2~, y0+?J =(02)f(01,11) = 0.1967

k
h 2
ky = hf(x0+§, y0+EJ =(02) f(0.1, 1.0984) = 0.1967
ky = hf(xg+h, yy+ky) =(0.2) £(0.2, 1.1967) = 0.1891
1
Wehave, y(x,+h) = Yoty (hy + 2k, + 2k, +k, )

Thus y(0.2) = 119598 ~ 1.196
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Il Stage: f(x,y) = %, x, =02, y, =119, h =02
Again using the same formula for kl' k2, k3, k 4 We have,

ky =(02) (02, 1.196) = 0.1891

k, = (02) f (0.3, 1.29055) = 0.1795

ks =(02) f (03, 1.28575) = 0.1793

k, = (02)f (04, 1.3753) = 0.1688

1
Now y(xg+h) = Yo+ (ky+2k,+2k;+ky)

EXERCISES

Apply modified Euler’'s method to solve the following initial value problems by
considering the accuracy upto two approximations in every step.

1. g—z-:—x}{z,y(O)ziZ.Compute y(0.2) by taking h = 0.1

2. % +y =1y =0atx = 0. Compute y atx = 0.4 by taking k = 0.1

3. % =%+ y in the range0 < x < (L06 by taking h = 0.02 given that

y =1 at x = 0 initially.

4. %=x+yry(‘0):1-C0mpute y{(02) taking k = 0.1

5. % +x% = ¥y, y(0) = 1. Compute y intherange[0, 0.6 | by taking h = 0.2.
e iy .
6. dx=2+l xy |, y=1at x = 1.Compute y at x = 2 bytaking h = 0.2.

7. %:x“L |\/37|,y(0)31.C0mpute ¥(0.6) bytaking h = 0.2

o
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Use fourth order Runge-Kutta method to solve the following initial value problems.

8. %=x+y, y(0) = 1. Compute y (0.2)

9. %rx+y2, y(0)=1.Computey(0.2)bytakingh=0.1

10. %=3x+‘%, ¥(0) = 1. Compute y (0.2 ) with h = 0.1

p :
11. 10% =¥+ yz, y(0) = 1fortheinterval 0 < x < 0.2 by taking 7 = 0.1.

12, %=xy, y(l)=2.Computey(1.2)bytakingh:O.Z.

13. % =1+ yz, x,=0,y, = 0. Compute the values of Yy corresponding to the

values of x in the range 0<x<06 by taking h =0.2

14. -;% =X(1+xy), y(0) =1 intherange 0 <x < 0.2 by taking k = 0.1
15, % = log)q (x/y) intherange 20 < x < 204 by taking / = 0.2 given that
¥ =5 when x = 20,
ANSWERS
1. 1.923 2. 0.3292 3. 1.0202, 1.0408, 1.0619
4. 1.2427 5. 1.218, 1.467,1.737 6. 5.051
7. 1.8851 8. 1.2428 9. 1.2736
10. 1.1678 11. 1.0101, 1.0205 12. 24921
13. 0.2027, 0.4228, 0.6841 14. 1.0053, 1.0227 15. 5.12, 5.24

13! Predictor and Corrector methods

In these methods the value of y ata desired vale of ¥ is estimated from a set of four
values of y corresponding to four equally spaced values of x . The four values may
be readily available or be generated using the given initial condition by any numerical
method discussed earlier. Picards method or Taylor’s series method would be
appropriate to generate three more values of ¥ given one value initially.

We discuss two predictor and corrector methods namely,

1. Milne’s method 2. Adams - Bashforth method
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Consider the differential equation y’ = % = f(x,¥) with a set of four pre
determined values of y:y(xy) = y;.¥(x;) =y;, y(x,) =y, and y(x3) = 5.

Here x, x;, x,, x, are equally spaced values of x with width k.

Also X, = x3+h = x0+4h

Predictor and Corrector formulae to compute y (x, ) = y, are as follows.

Milne’s predictor and corrector formulae

yiP) - y0+~4§1 (2y]-’ _y2’+2y3’).,. ( Predictor formula )

yiC =yt g (yy +4y+y,')...  (Corrector formula)

Note : These two formulae can be written in the general form as follows

(P) _ o, . :
Yne1 = ¥n-37 3 l:zy n-2 "Y¥ a_1 t2Y, j|

(C) _ b_ ’ ’ '
Yarl =Ynoa* 3 (Vo1 TV 4Y ]
Adams - Bashforth predictor and corrector formulae

y4( Py _ 2t —th (55 y3’ -59 yz’ +37 yl’ -9 yO’ ) (Predictor formula)

y4( ©) = Yy + % 9y +19y -5y, +y,") (Corrector formula)
Note : We can write down the general form of these two formulae also as in Milne’s method.
Working procedure for problems

2 We first prepare the table showing the values of y corresponding to four
equidistant values of x and the computationof ¥’ = f(x,y).

We compute y, from the predictor formula.
We use this value of y, to compute y," = f(x,, ¥,)
We apply corrector formula to obtain the corrected value of y,.

This value is used for computing y," to apply the corrector formula again.

O 0O 0 LV VY

The process is continued till we get consistency in two consecutive values of y,.

Note : We can also find y., vy, -.. by deducing expressions from the general form of the
predictor and corrector formulae.
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WORKED PROBLEMS

35. Given that % =X - y2 and the datay (0) = 0,y (0.2) = 0.02,
¥(04) = 00795, y(0.6) = 0.1762 . Compute y at x = 0.8 by applying
(a) Milne’s method (b) Adams - Bashforth method :

>> We prepare the following table using the given data which is essentially required
for applying the predictor and corrector formulae. ‘

x | y Y =x-
L %=0 =0y =0-0=0
F =02 ¥, = 0.02 ¥y =02 - (002)% = 0.199% B
L H=04 ¥ = 00795 |y, = 04 - (00795)% = 03937 |
| x5 = 0.6 Y3 = 01762 |y = 06 - (04762)7 = 05689 |
| x, = 08 Yy =7 )

(a) By Milne’s method

We have the predictor formula

4h b ,
i =yt (2 -+ 2y
yifl =0+ ﬂ%?l [2(0.1996) ~ 0.3937 + 2(0.5689)] = 0.3049

Now y, =x, - 42 =08 - (0.3049 )2 = 0.707
Next we have the corrector formula,
C h o, , , '
y4( ):yg"'g(yz + 4y, +Yy)
yi€) = 00795 + %2 [0.3937 + 4(05689) + 0.707] = 0.3046

Now, y,'=x, -y =08 - (03046)? = 0.7072

Substituting this value of y 4 again in the corrector formula,

v = 0.0795 + % [ 03937 + 4(0.5689) + 0.7072 | = 0.3046

Thus  y, = y(0.8) = 0.3046
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(b) By Adams - Bashforth method
We have the predictor formula,
P h I Is ’ r
y‘}( ) = Y3+ oy (55yy =59y, +37y," - 9%yy)

y{P) = 0.1762+% [55(0.5689)-—59(0.3937) +37(0.1995)—9(0)]

yi") = 0.3049
Now y,'=x,-y: = 08-(03049)" = 0.707
Next, we have the corrector formula,

C h , , .
(C) y3+£(9y4+19y3—5y2+y1)

Y4 7
0.2
yi©) = 01762 +57 [9 (0.707 }+ 19 (0.5689 ) —5 (03937 ) + 0.1996]

y{€) = 03046
Now y,' = x,-y5 = 0.8—(03046)> = 0.7072
Applying the corrector formulae again with only change in the value of y,” we obtain,

yi€) = 03046
Thus y, = y(0.8) = 0.3046

36. Apply Milne’s method to compute y(1.4) correct to four decimal places given
% =+ ‘% and following the data :

y(1) =2, y(11) = 22156, y(1.2) = 24649 y(13) = 27514

>> First we shall prepare the following table.

l T T T e e e e e e e e
X y y’ = > 4+ g

X, = 1 = 2 s 2 2

- 0 _yO __"_gp =17 + 5= 2 L N
Xy = i1 ¥y = 2.2156 H{ = (11 )2 + _2_2215_6 = 2.3178
x, = 12 =268 12y« 222 e
% = 13 Yy = 2.7514 y3, = (13 )2 + ‘_7'_722114_ = 3.0657
wetd | aer
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We have y4(P) = Yy t+ % (2y," -y, + 2y")

(

4(0.
yiPr =2+ %ll [2(23178) ~ 2.67245 + 2(3.0657)] = 3.0793.

3.0793
+ —_——

- 2
_(1‘4) 2

Yy
Hence y, = 2+ 2

it = 3.49965

Now consider y4(c) =Y, + g (¥, +4yy" +y,")

1
yiC) = 24649 + —03— [2.67245 + 4 (3.0657 ) + 3.49965 ] = 3.0794.

3.0794
2

Substituting this value of Y, again in the corrector formula we obtain y 4( ©) = 3.0794
Thus y, = y(14) = 3.0794

Now y,/ = (14)% + = 3.4997

37.  Use Taylor's series method (upto third derivative term) tofind yat x = 0.1, 0.2, 0.3
given that % = x4 y2 with y(0) = 1.

Apply Milne’s predictor-corrector formulae to find y (0.4) using the generated set of initial
values.

>> Referring to Problem - 11, we have obtained y (0.1) = 1.1113, y (0.2 ) = 1.2507
¥(03) = 1.426. Using these values along with y(0) = 1 initially, we prepare the
following table.

x y y =2+ yf -
%, =0 Yg=1 y0’=02+12=1
] x, =01 Y= 1113 |y =01y + (1.1113) = 1.245
x, = 02 Yo = 12507 |y = (02) + (1.2507)% = 1.6043 |
%, = 03 v, = 1426 yy = (03) + (1.426)% = 2.1235
%, = 04 Y, =7 _

4;1 Fl ’ ’
Consider yip)=y0+?(2y1 - Yy + 2y)

4(01
SRS S )[2(1.245)—1.6043+2(2.1235)]=1.6844
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Hence y’, = 22 + 13 = (04)% + (1.6844)% = 2.9972

Next we have, y4(C) = Y, + g— (v, + 4" +y,)
(C) _ 01
ys<) = 12507 + = [1.6043 + 4(2.1235) + 2.9972] = 1.6872

Now y, = (04)" + (1.6872)" = 3.0067

Substituting this value of y,” in the corrector formula again,

y{€) = 12507 + 931 [1.6042 + 4(21235) + 3.0067] = 1.6875
Now y, = (04)% + (16875)" = 3.0077
Substituting again in the corrector formula we obtain y i ©) = 1.6876
Now y, = (04)% + (16876)" = 3.008

Substituting again in the corrector formula we obtain  y 4( €) = 1.6875733 = 1.6876

Thus y(0.4) = 1.6876

38. The following table gives the solution of Sxy’ + y2 ~ 2 = 0. Find the value of y at
x = 4.5 using Milne’s predictor and corrector formulae. Use the corrector formula twice.

IE 41 | 42 43 44
Ly 1 10049 | 10097 | 1.0143 | 1.0187
o 2-y?
>> Bydata 5xy’+y2—2:0 or y' = »

We prepare the following table.
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X y ' g:_y%
B A
X, = 4 yp =1 , 2-1?
yg_: 5xd - 0.05 o B
x, = 41 y; = 1.0049 ,_2-(10049)* o o0
o.¥ Tex41 T T
x. =42 y, = 1.0097 2 - (1.0097 )2
~ 5x42 L
x = 43 y, = 1.0143 2 - 3)°
3 3 y3; - 2-(1.0143 )" = 0.0452
5x4.3
x, = 44 y, = 10187 - 2
) . g =2 (10187 _ o
- ] 4 5x4.4
x5 =45 y5 =7 L

We have Milne's predictor and corrector formulae in the standard form

P 4h , , p
y4( )=y0+“3”(2}/1 _y2+2y3);

C oo by
y{ =gy + 3 () 4y )
Since we require ¥ , the equivalent form of these formulae is given by

4h , , ,
y5(P)=y1+_3"(2y2 = Y +2y,)

h o, , ,
ys(c)zy3+'3_(y3 + 4y +ys)

1
Hence yi©) = 1.0049 + i(%w—) [2(0.0467) - 0.0452 + 2(0.0437)] = 1.023
2-17 2
, _27Ys  2-(1023)
Now y, = S T sxas " 0.0424

Hence, y{ <) = 1.0143 + %1 [0.0452 + 4(0.0437) + 0.0424] = 1.023

Thus y(4.5) = 1.023

Remark : Though we had a set of five pre determined values of y , we used only a set of
four values to determine the fifth value in the sequence.
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39. If g% =2 -y, y(0)=2, y(01)=2010, y(02) = 2.040 and
y( O.é ) =209, find y (04) correct to four decimal places by using
(a} Milne’s predictor-corrector method.
(b) Adams - Bashforth predictor - corrector method. (Apply the corrector formula twice)
>> We prepare the following table.

B x y y' =2¢-y
Xy =0 Yg=2 y0’=2€0—2=0
x, = 0.1 y, = 2010 y, =26¢"-201 = 02003
x, = 02 Y, = 2.040 y, = 2e"2-204 = 04028
x3 =03 Y3 = 2090 yy' =26 -2,09 = 0.6097
X, - 04 | Yy =7 | ]

(a) By Milne’s predictor-corrector method
We have Milne’s predictor formula

P 4h e /
v =yt 2y -y 2y
yiP= 2+51L%—1-) [2(0.2003 ) - 0.4028 +2 (0.6097 ) ] = 2.1623

Now y,’=2¢"-21623 = 08213
We have Milne’s corrector formula,

c h o
y4( ) = %3 (¥, +4y +y,")

yi = 2.04+95—1 [0.4028+4 (0.6097 ) +0.8213] = 2.1621

Now y,’ =2¢"-21621 = 08215

Applying the corrector formula again we have,

i€ = 2.04+9:;)—1 [0.4028+4 (0.6097 ) +0.8215] = 2.1621

Thus y(0.4) = 2.1621
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(b) By Adams - Bashforth predictor - corrector method

h
We have, y4(P) = y3+ﬁ (55y3'—59y2'+37y1'—9y0')

0.1
yiF) = 209+, [55(0.6097)~59(0.4028)+37(O.2003)—9(0)] = 21616
Now, y,/ =2¢"*-21616 = 0.822

h
Next we have, y“(c) = Y3ty 9y, +19y, -5y, +y,")

y €)= 2“”*% [9(0.822)+19(0.6097)-5(0.4028)+0.2003] = 2.1615

Now, y,/ =2¢"-21615 = 0.82215

Substituting again in the corrector formula, we obtain y<) = 2.1615

Thus y(0.4) = 2.1615

40. Apply Adams - Bashforth method to solve the equation (y2 +1) dy- dx =0 at
x =1 given y(0) =1 by generating the initial values from Picard’s second
approximation at a step size of 0.25. Apply the corrector formula twice.

d X
>> B data,_}i= =
Y ax =Y V41
Referring to Problem-5 for the values y (0.25),y (0.5) and ¥y (0.75) we prepare the

following table.
- e , _ _—

| * y " Lo x

| ‘ YT

| ]
| %o =0 Yo = 1 oy = 0 _

; R E 1?41 L
: x, = 0.25 = 1.0026 i 2

? 1 7 ¥y, = “(%0'25)2 = 0.0312
| . T (10026 +1

x, = 0.5 = 1.0206 2

| : & y, = A0S gaas
_— ) (1.0206 )2 +1

 x, =075 = 1.0679 2

| ’ & g = OB a6
s 1 - (L0679 )% +1

L %! vy =7
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We have the predictor formula

P r ’ r
( ) = y3+24 (55y3 59y2 +37y, -—9y0)

0.

y(P)—10679+ 5[55(02628) 59 (0.1225 ) +37 (0.0312) -9 (0) ] =1.1552

7 2
yi+l T (11552)2+ 1

Now vy 4 = (.4284

Next we have the corrector formula,

C p ’
y‘;( )=y3 (9y4+19y3 SY,"+yy)

y(c’—10679+93§—{9(04284)+19(02628) 5(0.1224) +0.031215{C) = 1.154
12
Now, y4' = = 0.4289
(1.154) +1

Applymg the corrector formula again we obtain, y A (C) = 11541

Thus the required 1 ( 1 ) = 11541

41. Find the value of y at x = 4.4 by applying Adams - Bashforth method given that
X % + yz ~2=0 and y =1 at x = 4 initially by generating the other required

values from the Taylor’s polynomial.
>> Weneed to generate the valueof yatx = 4.1, 42, 4.3
[Refer Problem-14 for the generation of the required values]

We have obtained y(4.1) = 1.0049, y(42) = 1.0097, y(4.3) = 1.0142 by using
the given initial conditiony (4) = 1.

We prepare the following table.
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x Yy . 2-3&
! ¥ = oy
x, =4 Yy =1 2-12
0 0 ' = -
Yo =gy =00
x, = 4.1 y, = 1.0049 9 2
1 1 . 2-(1.0049)"
W= Ty gy = 00483
x, = 4.2 y, = 1.0097 2 - (1.0097 >
2 2 r____(m_'__)__
¥y = e an = 00467
Xy = 43 ¥y = 1.0142 , 2-(10142)
Yy = ag = 00452

We have the predictor formula,
P h ! ’ r !
Y30 = Yyt og (55yy =59y, +37y - 9yy)
yiP) = 10142+ % [ 55 ( 0.0452 ) — 59 ( 0.0467 ) + 37 ( 0.0483 ) -9 (0.05) |

yiF) = 1.0187

2- 2
, 2Y 2-(10187)%
Now y4 = 5x4 = 5w 4.4 = (0.0437

;
Next we have, yéc) = y3+5i-}; (%y, +19yy’ -5y,
yi€) = 1.0142+% [9(0.0437 )+ 19 (0.0452 ) - 5 ( 0.0467 ) + 0.0485 ]

y ) = 1.0186

., 2-(1.0186)

Yy = 5 % 44 = 0.0437 (Same value as earlier )

Thus y(4.4) = 10186
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42. Solve the differential equation y’+y+xy2 = O with the initial values of y : y, = 1,
y, = 09008, y, = 08066, y, = 0722 corresponding to the values of
X: %y =0, x, = '0.1, X, =02, x3=03 by computing the value of y
corresponding to x = 0.4 applying Adams - Bashforth predictor and corrector formula.

>> We prepare the following table.

* y y = ~(y+x9’)
X =0 Yo=1 yy = -1
x; =01 ¥, = 0.9008 ¥, = ~0.9819
x, =02 Y, = 0.8066 y, = —0.9367
xy = 0.3 Yy = 0.722 Yy = —0.8784
x, = 04 Y, =?

We have the predictor formula,

P
yif) =

h ! r ’ r
Y3tog (55y," -89y, +37y," ~9y,")
On substitution we obtain, y4( Py = 0.6371

Now y,/ = [y, +x,¥5] = - 0.7995

. h ,
Next we have, y4((:) = Y3+ Oy +19y5" =5y, +y;")

On substitution we obtain, y,;f ©) = 0.6379
Now y,” = —[0.6379 +(0.4) (0.6379 2] = —0.8007

Applying the corrector formula again we obtain y 4( C) = 0.6379

Thus y(0.4) = 0.6379
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1to4]

1.

EXERCISES
Applying Milne's method compute y at the specified value of x for the following.
dy -
it xy2 =0

x | 0 | 02 | 04 | 06 |
y | 2 119231 17241 | 14706 |

Compute y (0.8)

g—i =1+ f ; ¥(0) =0. Compute y(0.8) correct to four decimal places

by generating the initial values from Picard’s second approximation.

dy _

a; =X + yz
x 0 01 | 02 | 03
y 1 11 | 1231 | 1402

Compute y(0.4)
% - % (x+y), y(0) =2, y(05) = 2636, y(1) = 359,
y(15) = 4968. Compute y at x = 2 correct to three decimal places.

Use Taylor’s series method to obtain the solution as a power series in x
(upto the third derivative terms) g‘iven that % + 7 =z, y(0)=20.

Using this generate the values of y corresponding to x = 0.2, 0.4, 0.6
correct to four decimal places. Then apply Milne's predictor-corrector
formulae to compute y at x = 0.8 and at x = 1

Using Adams - Bashforth method find y ( 1.4 ) given that % =¥+ % with

y (1) = 2. Obtain the initial values of yat x = 1.1, 1.2, 1.3 by Taylor’s series
method of order 4.

: dy y _ 1 .
Given I + o 2 and the data ;
x 1 1.1 1.2 1.3
y 1 0.996 0.986 0972

compute ¥ (1.4 ) correct to 3 decimal places by applying Adams - Bashforth
predictor and corrector formulae.
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8. Solve % +y = x% y(0) = 1by obtaining Taylor’s polynomial of order 4.
Evaluate yatx = 0.1, 02, 0.3 and by using these values obtainy atx = 0.4
applying Adams - Bashforth predictor and corrector formulae.

ANSWERS

1. 1.22 2. 1.0234 3. 1.7003

4. 6.873 5. 0.3046, 0.4555 6. 3.0793

7. 0.949 8. 0.6897
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Numerical Methods - 2

21| Introduction

In this unit we discuss numerical solution of simultaneous first order ODEs and also
second order ODEs as an extension of some of the earlier discussed methods (Unit-I)
for solving ODEs of first order.

2.2| Numerical solution of simultaneous first order ODEs

Picard’s Method

Consider the following system of equations : (Simultaneous equations)

d
L=fx,y,2) ()
and % =g(x,y,2) .. (2)

with the initial conditions y ( %) =y and z(x;) = g,
Thatis, y =y, and z = z; at x = Xy

We have to find successive approximations for y and z interms of x.
We have from (1) and (2),

dy = f(x, ¥,z)dx ; dz =g (x,y, z)dx
wlflel-e,}/:yo.atx:x0 : z =12z at x = x,
Integrating LHS between y, and y, Integrating LHS between 2, and z,
RHS between X, and ¥ we have, RHS between x, and x we have,
¥ x z x
Idy=_‘-f(x,y,z)dx ; Idz=fg(x,y,z)dx
Y % z, X
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x x

te., y—y0=_[f(x,y,z)dx ; z—zo=_[g(x,y,z)dx
ID xO
x x

or y =Yyt If(x,y,z)a‘x ; Z=Zg+j g(x,y,z)dx
xo xO

The first approximation for y and z denoted respectively by y; and z, are obtained by
replacing the given initial values y = y, and z = z, in the RHS of these expressions.
That is,

X X
Y1 = Yot If(x,yo,zo)dx ;% =zt I g(x,yo,zo)dx
% *s

Similarly we obtain the second approximation y, and z,. That s

X x
Y, = Yyt _[ flx,y,2)dx 2y = z5+ Ig(x,yl’ z,) dx and so on.

% %o

WORKED PROBLEMS

1. Use Picard’'s method to find y(0.1) and z(01) given that % ="x+z ,

-g% = x—y2 and y(0) =2, z(0)=1. (Carry out two approximations)
>> We have a system of two equations and we need to find two approximations for

y and z as functions of x.

dy . _ . &2 2 _
S=x+zy(0)=2 ; dx-xyz,z(O) 1

dy=(x+z)de : y=2,x=0; dz=(x—y2)dx:z=1,x=0

y x z
Now, J-dy= I(x+z)dx ; Idz: (x—yz)dx
1

2 0

D e, H

X

Hence, y =2+ _[(x+z)dx .. (1)
0

1+ [(x-y)dx )
0

N
il
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The first approximation for ¥ and z are obtained by replacing the initial values of
¥ and z inthe RHS of (1) & (2).

Yy, =2+ _[(x+1)dx oy =1+ J(x—22)dx
0 0
2 | 2
yl=2+x+7 : zl=1-4x+~2—
Now,y2=2+_[(x+zl)dx : z2=1+j(x—y§)dx
0
x 2
x2
=2+ J-{x+(1—4x+? dx : —1+I [2+x+£J dx
0
x X 4
=7 4 I(l - 3x + 3;} dx : = 1+I(x—[4+xz+%+4x+x3+?_rzﬂ dx
0 ol
32 o2 p 4
=2 x—7+‘6— : :1+6f{—4 3x - 3x 3—+—de
3x2 x3 . x x’
y2=2+x-‘2—+? -zz—l 41—'_‘”"—1’3 20

These are the required second approximation for ¥ , z and now putting x = 0.1
in these we have

2 3
3(01)*  (01) _ 5085

y(01) =2+ (01) - =Dy -
3(01) 3 (01)* (01)
2(01) =1 -4(0.1) - =5 - (01)- 2" g = 0.584

Thus y(0.1) = 2.0852 and z{0.1) = 0.584

, oy . dx 1
2. Obtain second approximation to the solution of a =3 (y+1l), it = 32
x=2/3, y=3 att=1 using Picard’s method

dx _ 1 . dy _u
> T2 WHD ©dr T
1 2t
=y Ddix=23 =1 ; gy=2ag.y_g5og
g 1 y o
Now, [dx= [3 (y+1)ar o Jay= (5 a
2/3 1 3 1
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Hence,
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7, P2 u 1! 2

x2—4 iz " 3 6 y2=3+§j(1+3t_2Jdt
1

. £ 7 1 2 f
T =3+ t+§log(3t—2)1
7 £ 7 17, 2

7t £ 7 =8t 2 e (3t-2
LT tm 6 ¥ 3+ g+ g log(3t-2)

Thus the required second approximations are

7t 2 7

3. Find the second approximation for the solution of the following system of equations by

applyingPicard’smethod.% = (x+y)t, % =(x-t)y;x=0,y=1att =0.

>> We have by data,

dx = (x+y)tdt :x=0,t=0; dy=(x-t)y:y=1+¢=0

x ¢ y - t
Now, Idx: I(x+y)tdt ; _[ dy = I (x-t)y dt
0 0 1 0 .
t
Hence, X = _[ (x+y)t dt )
0 ‘
t
y=1+[ (x-t)y at @)
0

Putting x = 0,y = 1in the RHS of (1) and (2) we have,

t i

BETE I A o
0 0
_E . I

1=z BTty
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t . t

x2=j(x1+y1)tdt y2=1+f(xl—t)y1dt
0 0
t t
2
i ¢
x2=It dt : y2=1+j(5—tJ [I—E}dt
0 0
2 t 2 B 4
x2'=5 : y2=1+j —t+-£+5—z dt
: 0
£2 PEIRPE BT S . .
Thus x, = > W= 1———‘,—Z-+—§+€-ﬁ are the required second approximations.

4. Evaluateyandzatx = 0.1 from the Picard’s second approximation o the solution of the
following system of equations given thaty = landz = 05atx = 0 initially.

d dz
E% =z, = 2 (y+2)

>> We have by data,

dy=zdx;y=1,x=0 dz = X(y+z)dx; z=1/2, x =0

y x z x
Now, de: Iz dx ; sz=j 2 (y+z) dx
1 0 172 0
X
Hence, y=1+j z dx ' (D)
0
X
zx%+£ x3(y+z)dx . (2)

Puttingz = 1/2 in the RHS of ()andy = 1,z = 1/2 in the RHS of (2), we have,

X

X
1 1 3 4

w1+ ]z & 2 =gt g7
¢ 0
x _1,3

y1=1,+5 21—2+8
X 1 k4

Now, y2=1+j z dx Zz="f):+.[ x3(y1+z1)dx

4] 0
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¥ 4
1 3x ) 1 313 x 3x
_l-I-J. [ + : ZZ=‘2‘+J- X [E+2+—8" dx
0
N _1 3t 2 38
¥ 2 40 2T 27 8 Y10t e

Thus by putting x = 0.1 in the RHS of these expressions we obtain

y(0.1) = 1.05000075 and z(0.1) = 0.5000385 or
¥{(01) = 1.05 and z(C1) =

7’

5. Obtain the Picard’s third approximation to the solution of the system of equations

dx
n = 2x+3y, Ez——x 3y th(},x—0,y=1/2.Henceﬁndxandyat

t =02
>> We have by data,

dx = (2x+3y)dt : x=0,t=0 : dy = (x-3y)dt : y=1/2,

t Y ¢

Jax= [(2c+3y)a: s fay = (x-3yya
0 0 1/2 v

£
Hence, x = J (2x+3y ) dt
0

t
S+ (xc-3yya
0

Putting x = 0,y = 1/2 in the RHS of (1} and (2) we have,

¢ t
1 3
JC1=J Edt . : y1=E+J- —5 dt
0 0
3 L1 3t
1773 =373
t t
N [ v vayyar = 2 f (e -3y e
ow, X, = ( 113y} : y2-2+ (xy-3y,)
0 0 :

t
3 3t
Xy = J [E—EJ dt
0

e
|

N =
+

S o,

t=0

e

L2
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_ 3t 3 _ 2
2=274 Yp=77 3+
t t
Now, =x —I (2x., + 3y, ) dt 1+'f -3y, ) dt
3T 219, Y3 =5 (x,—3y,)
0 0
(3 3t 152 1 (3 3942
Xy = I (5——2—+——2—“Jdt y3-5+I { 2 6t-—‘—4 ]dt
0 0
_3t_3¢? 5t . _1.3t .o 39t
B3=37g T2 S A A AT

Runge-Kutta method of fourth order

Consider the system of equations

d
L ofxiy, ) Q)
d

and Ei":g(x,y,z) (@)

with the initial conditions y (x;) = ¥, and z{(xy) = ;.
Thatis, ¥y = y,, z = % at x = x
We have to compute y (x,+k) and z(x5+h)
We need to first compute the following :
ky = hf(xy, ¥y %) s L =hg(x. ¥y %)

k { k I
h 1 1 h 1 1
k2=hf(x0+§,y0+——2,zo+—2] ; lzzhg(x0+§,y0+ﬂz,z0+—2]

| h k, L h ky L
k3=hf(x0+5,y0+—2—,20+5} : I3=hg[x0+5,y0+“i,zo+’i

k4=hf(x0+h,y0+k3,zo+13) ;o L= hg(xyth, yy+ky, 2g+1)
The required y(x0+h)=y0+%(k1+2kz+2k:3+k4)

1
and z(x0+h)=zo+g(11+212+213+14)
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Note : The values of 1, Iy, Ly, 1, is got by applying the definition ofg(x,y, z)
We need to compute the pair of values in the following order.

(ko 1) (ky, L,); (ky, 13);(ky, 1)) and finally compute Yy(xy+h) andz (x,+h)

6. Use fourth order Runge-Kutta method to solve the system of equations .

% =y-t, % =x+t,x=1y=1att=0 Computex(0.1) andy(0.1).

>> Let f(t’x,y)zy—t, g(t,x,y)=x+t ; i‘O:O, x0=l, yO:].

Letustake h = 0.1 since we need to compute x (0.1) and y(0.1).
We shall first compute the following,

ky = Bf (b x5 ¥p) = (0.1)£(0,1,1) = (0.1)[1-0] = 0.1
I = hg(ty %) = (0.1)g(0,1,1) = (0.1)[1+0] = 0.1

k !
h 1 1
kZ:hf(tO-l-E’ x0+ 2:}/0‘*2}

, = (0.1)£(0.05,1.051.05) = (0.1)[1.05 - 0.05] = 0.1

an
]

. L S |
y =g t0+2,x0+2,y0+2

I, = (0.1)g(0.051.051.05) =(0.1) [1.05 + 0.05] = 0.11

a-
H

k I
h 2 2
3 hf{to““‘i’xt)*?yo**f}

5 = (0.1)£(0.05,1.05 1.055) = (0.1)[1.055-0.05] = 0.1005

by
I

L heoo koD
13— g t0+2,x0w1-2,y0+2

13 =(01)g(0.05,1.051.055) = (0.1)[1.05 + 0.05] = 0.11
k4 = hf(t0 + h, Xy + k3, Yo + 13)
k, = (0.1)f(0.1, 1.1005, 1.11) = (0.1)[1.11 - 0.1] = 0.101
l4=hg(t0+h,x0+k ,y0+13)

I, = (0.1)g(0.1,1.1005,1.11) = (0.1)[1.1005 + 0.1 ] = 0.12005
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We have, x(f0+h):x0+'é(kl+2k2+2k3+k4)
1
ylg + 1) =yp+ o (h + 21 + 205 + 1)

x(01)=1+ % [0.1 +2(0.1) + 2(0.1005) + 0.101]

y (01) =1+ é [0.1 + 2(0.11) + 2(0.11) + 0.12005 ]

Thus x(0.1) = 1.100333 = 1.1 ; y (0.1) = 1.1100083 = 1.11
Note: Thewvaluesof 1, 1,15, I, is got simply by applying the definition of g (1, x,y)
In the subsequent problems we do not give the formula associated with "g”

dy _ dz _ ~ 0. 2(0) = _
7. Solve T 1+ zx, T = 0, y(0)=10, z(0)=1atx =03
by applying fourth order Runge-Kutta method .
>> Let f(x,y,2)=1+zx,g(x,y,z2)=-xy; x=0,y,=0, z,=1.
Let us choose h = 0.3 and we shall first compute the following :
k= hf (g, . %) |

, = (03) f(0,0,1)=(03)[1+1x0]=03

e
n

I, = (03) (-0 x 0) = 0,by applying the definition of ’¢’

h K b
5 hf(xo to Yt Rt —Z—J

, = (03) £(0.15, 015, 1) = (03) [1 + (1) (015)] = 0345

R-
I

P
I

L, = (03) [-(015) (0.15)] = ~0.00675

k 1
h 2 2
3 hf[x0+5,y0+#2,zo+——2}

, = (03)f(0.15,0.1725,0996625) = (0.3)[1+(0.996625) (0.15) ] =0.34485

>
I

—
It

I, = (03)[~(0.15) (0.1725) ] = - 0.0077625

= hf(xy+ R Y, + koo 2o + 13)

O
] |

(0.3)£(0.3,0.34485,0.99224 )= (0.3)[1 + (0.99224)(03)] = 0.3893
I, = (03) [-(0.3)(0.34485)] = —0.03104
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We have, y(xy + 1) =Y t+ % (k; + 2k, + 2Ky + ky)
z(x0+h)=zo+%(ll + 21, +2.13 +1,)

y(03) =0 + é— [03 +2(0345) + 2(0.34485) + 0.3893 ]

z(03) =1 + % [0 +2(~0.00675)+ 2 (~0.0077625 ) + (~0.03104)]

Thus y(0.3) = 0.34483 and z (0.3) = 0.98999

dyl B dy2

8. Sole — =y, + Yy, T T "Y1t ¥y giveny (0) =0, y,(0) =1
at x = 0.1 by takingh = 0.1 applying fourth order Runge-Kutta method .
>> Let f(x,ypy,) =y + ¥y, 8(xy,y,) =y, - ¥,
X =0, (Y )g=0,(y)y=1, h=0i
We shall first compute the following.
kp =hflxy (Y1) (4y)g) |
1 = (01)f(0,0,1) = (0.1)‘[01-1} = 0.1

Ru
it

I, =(01)[1-0] = 0.1, by applying the definition of ‘g’

o
|

I h ky L
2= hf %5 (gt 5 () + 5

, = (0.1)f(0.05, 0.051.05) = (0.1)[0.05 + 1.05] = 0.11

o
I I

(0.1) [1.05 - 0.05] = 0.1

e
i

k l
h 2 2
3 hf{x0+§,(y1)o+‘§,(y2)0+—2'J

3 = (0.1)f (005, 0.0551.05) = (0.1) [0.055 + 1.05] = 0.1105

bl ~
I it

(0.1) [1.05 - 0.055] = 0.0995

F
|

= hf(xy + B (yp)y + ky (Yy )y + 15)
3 = (0.1)f (01, 0.1105 1.0995) = (0.1)[0.1105 + 1.0995] = 0.121

a—t
il

I, = (0.1)[1.0995 - 0.1105] = 0.0989
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1
We have, Yy (g + h) = (¥, + a (k1 + Zk2 + 2k3 + k4)

1
¥, (x, +h) = (¥ + 3 (l1 + 212+ 213 + 14)

y,(01) =0 + % [0.1 +2(0.11) + 2(0.1105) + 0.121]
y, (01) =1 +%[0.1 +2(01) +2(00995) + 0.0989 ]

Thus ¥, (0.1) = 0.11033 and y, (0.1) = 109965

. dv dw uv
9. Given T MW, = ,v{l)y=1/3, w(l)

w (1.1 ) by applying Runge-Kutta method of order-4.

1, compute v(1.1) and

>> Letf(u,v,w)=uvw,g(u,v,w):u—wg ; u0=1, vo=1/3, w0=1.

Letus chooseh = 0.1 and we shall first compute the following .
kl = hf(uo, Uy s wo)
k, = (01)f(1,173, 1) = (01)[(1)(1/3)(1)] = 0.0333

1)(1/3 . - (s
| L = (Q.l )[%——)} = 0.0333, by applying the definition of ‘g

P O S S
ky, = hf Uyt Ugts . Wots
k2=0.1 f(105, 035, 1.01665) = 0.03736

_ (1.05)(035)) _
I, = (0.1)[—~~*—T~—~1m‘565 ] = 0.03615

h k I
5 (0.1)f(u0+§, Uty w0+-2—]

ky = (0.1)f(1.05, 0.352, 1.0181) = 0.03763

tan
]

_ (1.05)(0352) | _
I, = (0.1)[ o181 }—0.0363
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ky = (0.1)f(u0+h, vy ks, wy+1y)
, = (0.1)f(1.1, 0371, 1.0363) = 0.0423

_ (11)(0371)] _
1, = (0.1){—~~—~—1.0363 J = 0.03938

Wehave,v(u0+h) = vo+% (k1+2k2+2k3+k4)

w{uy+h) = w0+%(11+212+213+l4)

Thus by substituting the appropriate values we obtain
v(11) = 03709 and w(11) = 1.03626

10. Solve the following system of equations to find the values of xand y at t = 0.2 given
dx

i 2x+y, % =x-3y and (t,, Xor Yo) = (0, 0, 0.5) using Runge-Kutta
method of order - 4.
>> Let f(t, x,y) = x+y, g(t, x,y) = x=3y ; ty = O,xo = O,y0 = 0.5,
Letustakeh = 0.2 and we shall first compute the following :
k= hf(ty, %, )

ky = (0.2)f(0,0,05) = (02)[2(0)+05] = 0.1

1
l} =(02)[0-3(05)] =-03 by applying the definition of ‘g’

by
n

k !
h 1 1
) (0.2)f[t0+—2‘,x0+3,y0+‘ij ,

, = (02)f(0.1, 0.05, 0.35) = (02)[2(0.05)+0.35] = 0.09

= ~
] It

, = (02)[005-3(035)] = ~02

k l
h 2 2
3 (0.2)f(t0+§,x0+3, y0+EJ

3 = (0.2)f(01, 0045, 04) = (0.2)[2(0.045)+0.4] = 0.098

H‘
I

P
1]

—
[

3 =(02) [0045-3(04)] = —-0.231

a—
il

4 = (02)f(t,+h, X, tky, Yotiy)
k, = (02)£(02, 0.098, 0.269) = (0.2)[2(0.098)+0.269] = 0.093
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Iy = (02)[0.098-3(0269)] = - 0.142
1
We have x(t0+h) = x0+*6-(k1+2k2%2k3+k4)
1
y(t0+h) = y0+6“1+212+2[3”4)
Thus by substituting the appropriate values we obtain,

x(02) = 0.0948, y(02) = 0.2827

2.3| Numerical solution of second order ODEs by
Picard’s method and Runge-Kutta method.

The given second order ODE with two initial conditions will reduce to two first order
simultaneous ODEs which can be solved by both the methods discussed in the previous
article-Picards method and Runge-Kutta method of fourth order.

We present the method explicitly.

Let y” =g(x,y,y") with the initial conditions ¥ (x;) = ¥, and ¥y’ (xy) =y,
be the given second order d e.

Z
X

2
Now, let y' = %:— z. This gives y” = %x% =

| S

d
The given second order d.e. assumes the form : Ei = g(x, y, z)withtheconditions

y(xy) =y, and z(x,) = z, where y, isbe denoted by z,
Hence we now have two first order simultaneous ODEs,

d dz .
E‘i:z and L—f;:g(x,y,z) w1thy(x0)=y0 and z(x,) = 2,

Taking f(x, ¥, z) = z, wenow have the following system of equations for solving.
d dz
ﬂ =flx,y,2), 5. =8(x, 4,2} ; y(x) =Y and z(x,) = 2,

The method of solving these by Picard’s method is described in the article 2.21 and by
Runge-Kutta method of fourth order is described in the article 2.22.
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WORKED PROBLEMS

1. Use Picard’s method to obtain the third approximation to the solution of

2
Y oW o 0 o 0, y=1 % _
o + 3x Te 6y = 0 given that when x = 0, y=1, dx = 0.1

>>  The given equation is a second order differential equation and we convert this
into two first order simultaneous equations using a substitution and employ Picard’s
method to find the third approximation for i.

2
Put g}% = z. Differentiating w.r.t. x we obtain %xg = % so that the given equation

dz
becomes PV 3xz — 6y =0

Now we have the system of equations,

%zz y=1 x=20 %+3xz—6y:0:z=0.1,x=0
dy = zdx : dz = (6y — 3xz) dx
Integrating LHS between 1 & y, RHS Integrating LHS between 0.1 & z,
between 0 & x, we have, "~ RHSbetween 0 & x, we have
Yy X Z X
fay = [zax o faz = [(6y - 3xz) ax
1 0 01 0
X X
yulzjzdx : z-0.1:I(6y-3xz)a’x
0 0
X x
1 .
Hence, y=1+_[z dx a1y zzib-+'|.(6y—3xz)dx .. (2)
0 ' 0
The first approximation for y is The first approximation for z is obtained
obtained by puttingz = 0.1inthe by putting y = 1, z = 0.1in 'he RHS
RHS of (1). of (2).

x x
y1=1+j0.]dx : 21=‘1—+I(6—§£]dx
0 0
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x 2
y, =1+ (01)x =1+ 7 :_1_ _é_
1 10 zy 10+6x 20
x 1 X
y2=1+_[z1dx 22=E+I(6y1—3x21)dx
0 0
1 X
x x
1 352 z=19 % I[G[lJfﬁ]
y2=1+j[ﬁ+6x—ﬁ}dx 0
’ -3x —1—+6x—§—xE d
10 20 ||
3 1. .3 9x°
x X - X X
y2=1+i_6+3x2_§6 z, 10+({(6 0 18x2+20de
4
x 22=%+6x+320 6x3+5:3i0
Yy =1+ jzzdx
0 z, isnot required
x 2 4
- 1o e o3
-—1+£[10+6x+20 6x+80]dx
: 3 4 5
x X 3x 9% . . . ..
Thus y =1+ 10 3% + 20" 2 + 200 18 the required third approximation.

12. Use Picard’s method to obtain the second
a’y

34y By -0y -
2 X4y TxY 0 giveny(0) =1y

>> Putting i

The given equation becomes

dx

dy = z and differentiating w.r.f x we obtain

approximation to the solution of

*(0) = 1/2 and hence find y (0.1).

92 B, Py=0; y(0)=1, 2(0) =172
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Now we have the system of equations,

y _ _
i —2¥=11x=0
or dy = zdx

Integrating LHS between 1 & y, RHS
between 0 & x we have,

¥ X
Idyz J zdx
1 0
X
Hence, y =1 + Izdx (1) s

0

Putting z = 1/2 in the RHS of (1),

X
1
y1=l+f§dx
0
pd
y1—1+~2*
X
y2—1+_[zldx
0
X
138
y2=1+_|-[§+~§—}dx
Y2 27 40

5

gfzx3(y+z):z=1/z,x=o

dz = ¥ (y+z)dx

. Integrating LHS between 1/2 & z, RHS
" between 0 & x we have,

X

' Z
j dz = _[ x3(y+z)dx
1/2 0

z =%+6[x3(y+z)dx )

Puttingy = 1,z = 1/2 in the RHS of (2),

x
1 3 3
21:§+I5x dx
0
_1,
Z =5+

2, is not required

Thus y =1+ ; + %— is the required second approximation.

Now by putting x = 0.1 we obtain y(0.1) = 1.0500008
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13. Use Picard’s method to find the third approximation to the solution of the equation

2
d——iy—'+2x£y+y = Q0 given thaty = 0.5, 4y 0.1 when x = 0. Also tabulate the
dx dx dx

value of y ( 0.1) from all the three approximations.

2
o Y : {ati Ly _dz
>> Putting a = F and differentiating w.r.f x we obtain 2" dx
. . dz
The given equation becomes d—x+2xz+yﬁ0 ; ¥(0)=05, z(0) =01
Hence we have the system of equations,
ay _ .oy _o . #&__ g = -
dx_z.y—l/Z,x_O, i (2xz+y) : z=1/10,x =0
or dy = zdx ; dz = —(2xz+y)dx
Integrating LHS between 1/2and y  ; Integrating LHS between 1/10 and z,
RHS between 0 and x we have, RHS between 0 and x we have,
Yy X < X
j dy = j zdx ; I dz:—j (2xz+y)dx
172 0 1/10 0
1 X 1 X
Hence,y=§+j zdx (1) z:Tﬁ—I (2xz+y)dx (2)
0 0
1.7 1 1
X
Now, y1=§+_[16 dx ; z=+1—6—_[ {gdrz] dx
0 0
1, x o, 1. x 2
172710 AT 1072710
1 X 1 X
y2—5+I zq dx ; zz-—-vﬁ-—j (2xz, +y, ) dx
0
1 (1 x & 1 31
x x X x
yz”i*({[?ﬁ”i‘?d}dx; %= (g—xz-?ﬁ*ﬁ] dx



PICARD’s METHOD FOR SECOND ORDER O.D.E 77

Thus g = 9+ 10”7 " 20 12 100
The value of (0.1 ) from the three approximations are tabulated.

T ]
| % (0) #,(0) | y(01) |
‘ 0.51 0.507467 1 0.507458 |
14. When a pendulam swings in a resisting medium, its equation of tmotion is of the form

2
% +a I +bsin® = 0, whereaand b are constants. Assuminga = 02, b = 10
t

find the second approximation to the solution of the equation with the initial conditions

8 = 0.3 radian and 4 0 when t = 0 by Picard’s method. Also find 0 at

dt
t = 0.01 (0.01) 0.03
2o do .
>> Tit—2+adt+bsm6—0 ; a=02b=10 by data.

2
Putting ¢ = %? and differentiating w.r.t t will give us %—? = %?9

The given equation becomes

%+0.2¢+105in8:0 ;0 8=03, 6=0, t=0,
Hence we have the system of equations,
@=¢:8=0.3,t=0 ; @=—"(0.2¢+105in9):¢:0,t=0
dt dt :
or do = ¢ dt ;0 do=-(020+10sin6)dt

Integrating LHS between 0.3 and 8, ; Integrating LHS between 0 and ¢
RHS between 0 and t we have, RHS between 0 and t we have,
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8 t o t
[ ao=1] ¢at . [ do=-] (02¢+10sin0)dt
03 0 0 0
t ¢
Hence, 6 = 03+ | ¢dt . ¢=-] (020+10sin8)dt
0 0
H 13
Now, 8, =03+ 0dt ;¢ =-] 10sin(03)dt
0 0
t
6, = 03 . ¢y = -] 295524t = ~2.95521
0
t
6, =03+] o adt L ¢, = -29552¢
0
t .
8, =03~ I 2.9552 t dt : ¢, is not required.
0

t2
8, =03 —-2.9552 >

Thus the required second approximation to the solution of the given equation is

9 = 03-1.4776 ¥
Further 8 (0.01) = 0.29985, 8(0.02) = 0.29941 and 6(0.03) = 0.29867

15. Apply Picard’s method to computey (1.1) from the second approximation to the solution
of the equation y " + yz y' = x° given that y and y " have the value 1at x = 1.

2
o dy Ly _dz
>> Putting y' = 7 =z, we obtain y” = 2% dx
The given equation becomes
dz
=t 7 =x ; y(l‘)—l,z(l)—l
Hence we have the system of equations,
a4 . . 4z _ a3 1=
dx-z.y-l,x-l ; i yzz s z=LlLx=1
or dy = zdx ; dz = (X -y z)dx

Integrating LHS betweenland y, Integrating LHS between 1 and z,
RHS between 1 and x, we have RHS between 1 and x, we have
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y x z x
_f dy = _[ zdx ; _[ dz:_[ (x3—y22)dx
1 1 1 1
X x
Hence,y=1+_[ zdx ; z=l+J(x3—yzz)dx
1 1
X X
Now, y1=1+J' 1dx ; zl=1+f (x3—1)dx
| 1
T
— x - — —_—
yl—1+[x]1 ; zl—I+IL~x+4
1
4
( X 1
7 o
yl =X ; Z1 =Z—X+Z
X
Y, = 1+I Zy dx ; z, is not required.

[
t
|
|
|

Y2710 1 "3t

2
16.  Given %—21 - xz% —2xy =1 y(0)=1, y'(0) =0 . Evaluate y(0.1)
x

using Runge-Kutta method of order 4 .

2
>> By data, %—ng—hyzl;yzl,y‘zo at x =0,
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2

Putting A z and differentiating w.r.t. x we obtain oy _& so that the given

dx a2 dx

: dz >

equation assumes the form : == - x"z — 2xy =1
Hence, we have a system of equations,

‘d—z = . E = = = =

ar z,dx—1+2xy+xzzwhere y=1,z=0,x=0

Let f(xyz)=2z, g(x,y,z}=1+2xy+x2z
Xy = 0, Yy = 1, zy = 0 and letus take h = 0.1

We shall first compute the following :
kl = hf(xo,yo,zo) = (0.1)f(0,1,0) =(01)(0) =0

I = (01) [1+(2)(0)(1)+ (02)(0)] = 0.1

k I
h 1 1
_hf[xf)*i'yo““"z_'zo‘“?}

(0.1)£(0.05, 1, 0.05) = (0.1)(0.05) = 0.005

[+
!

k‘
il

L= (01)[1+ (2)(005)(1) + (0.05)*(0.05)] = 0.11

h kz L
3 hf(x0+z,y0+"§',20+5]

(0.1)£(0.05,1.0025 0.055) = (0.1)(0.055) = 0.0055

=
H

e
H

L= (01)[1 + (2) (0.05) (1.0025) + (0.05)?(0.055)] = 0.11004

>
i

4 hf(x0 + h, Yo t k3, Zg + 13)

k, = (0.1)£(0.1,1.0055, 0.11004) = (0.1)(0.11004) = 0.011

I, = (01) [1+(2)(01) (1.0055) + (0.1)2(0.11004)] = .12022
We have, y(x, + h) = Yo + -é— (kg + 2k2 + 2k3 + k4)

y(01)=1+ %[0 + 2(0.005) + 2(0.0055) + 0.011]
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dx
decimal places, using the initial conditions y=landy’ =0 whenx = 0.

d? y dy \’
17, By Runge-Kutta method, solve —;? = X [lj - yz for x = 0.2 correct to four

2
d*? y dy
w128 -5
2
Putting % = z and differentiating w.r.t. x, we Obtaind_z - dz

The given equation becomes,

%:xzz—yzwithyzl,z=0 when x = 0.

Hence, we have a system of equations % =z, % = xz* - yz
Let f(x, y,z)=2z, g(x, y, z) = xzz—yz, X%=0,y=1, zy=0andh = 02
We shall first compute the following.

by = hf (% Yy 29) =(02) £(0,1,0) = (02)(0) = 0

I =(02) [(0)(0)* - (1)°] = -02

k l
h 1 1
k2=hf[x0+5,y0+5,zo+§]

5 = (02)f(01,1,-01) = (02)(-01) = —0.02

L= (02) [(01)(-01) - (1)°] = -0.1998

Fal
i

h kz 12
3 hf[x0+5,yo+3,zo+5

3 =(02) f(0.1, 099, —0.0999) = (0.2)(-0.0999) = — 0.01998

K-A
Il

f

(02)[(0.1) (~0.0999) - (0.99)2] = -0.1958

o~
i

4 hf(x0+h,y0+k3, zO+I3)

=
Il

4 = (02)f (02, 0.98002, -0.1958) = (0.2) ( —-0.1958) = ~0.03916

Iy =(02) [ (02) (-01958)% - (0.98002)?] = - 0.19055
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1 .
We have y(x; + h) =y, +t g (ky + 2k, + 2ky + ky)

y(02) =1+ % [0 +2(=-0.02) + 2(~0.01998) — 0.03916}

22
18. Compute y (0.1) given d—g = y3 and y = 10, % = 5at x = 0 by Runge-Kutta
x
method of fourth order.
2
>> Putting gﬂ = z and differentiating w.r.t x we obtain dy_d& so that the
X dxz dx

. . dz )
given equation assumes the form P y3 . Hence we have a system of equations :

dy __  dz _ - _ -
dx—z’dx fwherey-lo,z—5,x-0.

Let f(x,y,z)=2z,8(x,y,z)= y3, Xg=0,y,=10,2;=5and h = 0.1

We shall first compute the following.
hf(xo, Yo s zy) = (0.1)f(0,10,5)=(01)5=05

=
1§

= (01)[10°] = 100

~
i

k !
. h 1 2
2 hf(on'E'yo*?’Zo*'iJ

(0.1)f(0.05, 10.25, 55) = (0.1)(55) = 5.5

P
il

L =(01){(1025)] = 107.7

h kz I2
5 = hf(x0+~2-, yﬂ+-2—, 20+'2“J

(0.1)£(0.05, 12.75, 58.85) = (0.1)(58.85) = 5.885

t
I

P
il

(0.1)(12.75)> = 207.27

il

ky = hf(xy+h, y,+ks, z5+1y)
k, = (0.1)f(0.1, 15885, 212.27) = (0.1) (21227 = 21.227

I, = (0.1)(15.885)° = 40083
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1
We have, Y(xp+h) = Yotg (kl+2k2+2k3+k4)

y(0.1)= 10+% [0.5+2(5.5)+2(5.885)+21.227]

Thus  y(0.1) = 17.4162

19. Giveny” ~xy’ -y = O with the initial conditions y(0) =1,y"(0) = 0, compute
y(0.2)and y’ (0.2) using fourth order Runge-Kutta method.

: , oy o 42 : .
>> Putting ¥’ = z we obtain ¥oo= e The given equation becomes

g—;zxz+y ; ¥ (0)=12z(0)=0

Hence we have a system of equations,

dy dz

de = % e S ety where y =1, z=0, x=0

Let f(x,y,z)=12, ¢(x, ¥,2)=xz+y, X%=0,y=1, zy=0 and h = 02
We shall first compute the following,
ky = hf(x,, Yor Zp) =(0.2) f(0,1,0) =(02)0 = 0
L=(02)[0x0+1] =02

h ky 1T1
k2 = hf(x0+§, y0+3~, Zo+§
» =(02)f(01,1,01) = (02) (0.1) = 0.02
[, =(02)[0.1x01+1] = 0202

k !
h 2 2
5= hf[x0+§’ ot Zo*EJ

3 = (0.2)f(0.1, 1.01, 0.101) = (0.2)(06.101) = 0.0202

k‘
Il

Ly = (02)[0.1x0.101 +1.01 ] = 0204

a—a
i

4 hf(xo+h, y0+k3, zU+13)

a—
[}

4 = (02)f(02, 1.0202, 0204) = (0.2)(0.204) = 0.0408
L, =(02)[02x0.204 + 1.0202 ]=02122
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1
Wehave y(x;,+h) = Yot (k) +2ky+2ky+k,)

1
z(x0+h) = 20+€ (!1+212+213+l4)

Substituting the approp .ate values we obtain y (0.2) = 1.0202and 2 (0.2) = 0.204
Thus y(0.2) = 1.0202 and y’(0.2) = 0.204

d )
20. Obtain the value of x and d%’ when t = 0.1 given that x satisfies the equation
#x  dx dx -
2 e ta—-élx and x = 3, i 0 whent = 0initially. Use fourth order
Runge-Kutta method.
2
>> Putting y = b we obtain ay 4 x The given equation becomes
dt dt dfz
d
aii:ty—flx, x=3, y=0 whent =20
Hence we have a system of equations,
dx dy .y = - -
o =y, it =ty-4x; x=3, y=0 whent=0.

Let flt, x,y)=y,8(t, x,y)y=ty—dx,ty=02x3=23y,= 0 and h = G.1

We shall first compute the following .
ky = hf (g, %0 Yg) = (01)(0, 3, 0) = (01)(0) =0

I = (01)[0-12] = -12

ky L

h
> hf(t0+§,x0+§—,y0+5}

= (0.1)f(005,3,-06) = (0.1)(~06) = —0.06

=
I

L= (0.1)[(0.05)(-06)-12] = —1.203

k I
h 2 2
4 hf[t0+5. Xot 5 y0+5-]

(0.1)£(0.05, 297, -0.6015) = (0.1} (-0.6015) = ~ 0.06015

-
fl

P
]

I, = (0.1)[(0.05)(-0.6015)-4x297] = - 1.191
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kg = hf(tg+h, xy+ky, Yo+iy)
ky = (0.1)f(0.1, 293985, -1.191) = (0.1)(-1.191) = -0.1191

I, = (0.1)[(0.1)(~1.191)-4x293985] = — 1.18785

We have x(t0+h) = x0+% (k1+2k2+2k3+k4)

1 dx
y{ty+h) = Yoty (Il+212+213+l4) where y = 0

Substituting the appropriate values we obtain x (0.1) = 2.9401, y(0.1) = -1.19

Thus x = 2.9401 and % = -=1196 when t = 0.1

E Milne’s Method

Preamble : We recall [ Unit-1, Article-1.26 | Milne’s predictor and corrector formulae
for solving first order ODE : y” =f(x, y) cy(xg) =Yg y(xy) = Y. ¥ (x%5) =y,
y(x3) = ys. Here x,, x,, x,, X5 are equidistant values of x distant 4

We have to compute y ( xy) wherex, = x,+4h

4h

%(1 Py _ Yot3 (2w =y, +29y) [ Predictor formula ]
h , , ,

y§C) =yt3 (v + 43" +y,) [ Corrector formula ]

Method toselve y” = f(x, y, y’) given y(x) =y, and y’(x,) = Yy

¥ Weputy’ =z whichgives y” = g% =z’
The given d.e becomes 2’ = f(x, y, z)

= We equip with the following table of values.

[
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S We first apply predictor formula to compute yip ) and z,(;P ) where,

4h

yip) =Yt 3 (2z;~2z,+2zy), since y' = z.
4h ’ r E

2(4P) = Zo*’? (22 -z, +22))

°© Wecompute z," = f(x,, y,, z,) and then apply corrector formula where,
h
yflc) = y2+§ (zy+dz,+2,)

C h, ., b
2 )=22+§(22+423+z4)

& Corrector formula can be applied repeatedly for better accuracy.

WORKED PROBLEMS

2
21. Apply Milne’s method to solve Z_xzz = 1+£—iz given y(0)=1=y"(0).

dx
Compute y (0.4 ) by generating the initial values from Picard’s method.
Also compute y (0.4) theoretically.
dy dz
A2 dx

>> Putting v’ = g—% =2z, weobtain y” =

. . dz .
The given equation becomes Ip = 1t2 and now we have the system of equations,

%:z:yzl,x=0 ; g—;=1+z;z=1,x=0
or dy = zdx : dz = (1+z)dx
Integrating LHS between land y, p Integrating LHS between land z,
RHS between 0 and x we have, RHS between 0 and x we have,

¥ x z x

J dy=j zdx ; I dz=_{ (1+z)dx

1 0 1 0

X X

Hence,y=1+f Zdx ; z=1+f(1+z)dx

0 0
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X x

Now, y1=1+I 1 dx ; zl=l+I (1+1)dx
0 0
¥y, =1+x ; Z; =1+2x
X x
y2=1+J'z1 dx ; z2=1+f[1+zl]dx
0 0
X X
=1+ [ (2 dx ;oo 14 [ (2420) de
0 0
1/2=1+x+x2 ; z2=1+2x+x2
X X
y3=1+jz2 dx ;' z3=l+J[1+zz]dx
0 : 0
X x
vy = 1+ [ (1+20+2%) dx 2y = 1+ [ (2+2¢+22) dx
0 0
x3 x3
y3=1+x+x2+§ ; 23=1+2x+x2+—3—

From y, and z3 by putting x = 0.1,0.2,0.3 we obtain the following values

y(01) = 11103, y(02) = 12427, y(03) = 1399
2(01) = 12103, z(02) = 14427, 2(03) = 1.699

Furtherwe havez’ = 1+z and hence,

2°(0) =1+z(0) =1+1=2

z27(01) =1+z(01) = 22103

2°(02) =1+z(02) =24427

z2’(03) =1+2(03) =269
Now we tabulate these values.
T — | JE e B — ]
B X X, =0 Xy = 0.1 L Xy, =02 xy =03 J
f y yp =1 f y, = 11103 | Y, = 12427 |y = 1399 ’
[ y=z | g = 1‘7777‘ 2, =T.21_03ﬁ[:z2 = 14427 | 2, = 1.655_[
" ¥y’ =z’ z) =2 / z,' = 22103 J 2y = 2.4427 2, = 2.699 J
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We first consider Milne’s predictor formulae :

4h
y(4p) = Yot 3 (22~ 2,+22y)

0
zip): 0+4‘—3}3(22 ’+223’}
Hence, yi7) = 1+ 4(21){2(12103) 14427 +2(1.699) |
AP =1+ 4(01)[2(22103) 24427 +2(2.699) ]
yP? = 15835 and z§") = 1.9835

Next we consider Milne's cotrector formulae :

h
yac) = y2+§ (zz+4z3+z4)

zEIC) = 2+l1— (z, +4zy +2))
We have, z,/ = 1+zflf’) = 1+1.9835 = 2.9835
H (C) _ 0.1
ence, i) = 12427+ [1.4427 + 4 ( 1.699 ) +1.9835 ]
2 = 1.4427+U—;-[2.4427+4(2.699)+2.9835]

ygc) = 158344 and zgc) = 1.98344

Applying the corrector formula again for y gwe obtain y( C) = 1583438
Thus the required y (0.4 ) = 1.5834
Theoretical solution of the problem is as follows.
y”=1+y or y"-y’ =1 or (DZ—D)y =1
AE: mP-m=0 or m{(m-1)=0 = m=20,1
y, = ¢ e e

1 er er
= X" = —X

"~ DD D*-D 2D~1
Complete solution: y =y +y, isgivenby y = ¢, +Cy € %
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Thisgivesy” = ¢, ¢ ~1 and by usin (0)=1,y"(0)=1 wehave,
gives y 5 Y gy !

]:(1‘1+C2 and 1=c2m1 c2:2 and € = -1

Hence, y = —~1+2¢"~x is the theoretical solution.

22. Apply Milne’s method to compute y (0.8) given that %z—g =1 —Zy% and the
Jollowing table of initial values. )
o T T T T e
¥ b0 0 ul k,_Q-.QZ?_iMﬁT!_ _oa7er
e ¥ L0 [ 0196 ) oamr | 689 |

Apply the corrector formula twice in presenting the value of yat x = 0.8

2
- ’ iy — : rr E{_,!i _ ’
>> Putting vy’ = dy - % weobtain y” = 2" z
The given equation becomes z” = 1 —2yy ' =1-2yz

Now, 2z =1-2(0)(0)=1

z)) = 1-2(0.02)(0.1996 ) = 0992

N
I

' = 1-2(0.0795}(0.3937 ) = 0.9374
2y = 1-2(0.1762) (0.5689 ) = 0.7995

We have the following table._h

T %=0 | ;=02 | x =04 =06 |
Ty yy=0 | w=002 | y -ooms y, = 01762
‘f y' =z =0 | % =019 | z,=039% | z, - 05689
oy =1 | %/ =092 | 2/ =097 | z = 07995

We first consider Milne’s predictor formulae,

4h
yfip) TYt3 (22 -2,+22)

4h ’ s, ’
zflp) =+t (22)-2+22))

On substituting the appropriate values from the table we obtain
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(P)

IJ
w7 = 03049 and (") = 07055

Next we consider Milne’s corrector formulae,

h
ygc)=y2+§(zz+423+z4)
ACY =2 +Il(z "vdz)+z,))
¢ 27 3\"2 3 7%

Wehavez,” = 1-2y{") 2" = 1-2(03049) (0.7055) = 0.5698
Hence by substituting the appropriate values in the corrector formulae we obtain

€y -

¥ = 03045 and () = 07074

Applying the corrector formula again for y, we have

ygc) = 0.0795 + %3 [ 0.3937 + 4 ( 0.5689 ) + 0.7074 ] = 0.3046

Thus the required y (0.8 ) = 0.3046

23. Obtain the solution of the equation 2 ‘;—3 =4x+
x

dy

g’g by computing the value of the

dependent variable corresponding to the value 1.4 of the independent variable by applying

Milne's method using the following data

 x T T
T y 2 2215 24649 | 27514 |
| y’ 2 | 23178 | 26725 | 30657 |
>> Dividing the given equation by 2 we have,
2 y
y = 2x+-1—£il or y” = 2x+L
d® 2 dx . 2
Putting iy’ = z we obtainy ” = z’and the given equation becomes z' = 2x+%
, 2
Now, zy = 2(1) 5 = 3
2.
z=2(11)+ 3178 3.3589
z, = 2(1.2)+24-6-27—25 = 3.73625
2, = 2(1.3)+§—‘9265—7 - 413285
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We have the following table.

L x xy = 1 x, = 11 [ x, =12 x, = 13

| y vy =2 yy = 22156 |y, = 24649 | y, = 27514
Loy =2 zy =2 z) = 23178 z, = 26725 | z; = 3.0657

Ly = zy =3 z) = 33589  z,' = 373625 | 2z, = 4.13285

We first consider Milne’s predictor formulae,

(P)

4h
vy = y0+—3-- (221—22+223)

(P)
24

4 h 4 ’ ’
Zo+?(221 -2, +223 )
On substituting the appropriate values from the table we obtain

yy") = 30793 and ) = 3499

Next we consider Milne’s corrector formulae,

h
yic)=y2+§(zz+423+z4)
A = 2 +ﬁ(z’+4z’+z’)
4 2T g\ 4y THEy T

(P)

Z

4
Wehave,z,’ = 2x, + 5 = 2(1.4)+§—29—%— = 4.5498

Hence by substituting the appropriate values in the corrector formulae we obtain
i) = 30794 and 2{C) = 3.4997

Thus the required value of y is 3.0794 at x = 1.4.

24. Apply Picard’s method to find the third approximation to the solution of the equation
Yy +xy’+y =0;y(0) =1, y'(0) = 0. Then apply Milne's method to compute
y (0.4) by generating the requisite initial values from Picard’s approximations.

dz ,

—_
- L

>> Puttingy” = z weobtain y” = dx

The given equation becomes z“ +xz+y = 0 and now we have a system of equations
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or dy = zdx

Integrating LHS between 1 and y,

RHS between 0 and x 1.« have,

zdx

O e, ™

Y
| dy =
1
X
Hence, y:1+I zdx

. x
Now, v, :1+J- Odx = 1

0
X
Y, = 1+I z, dx
0
X
y2=1+I—x dx
0
2
x
Yy = 1“?
Yo =1+ 2z dx

dz
P —(xz+y);x=0,z=10

dz = —(xz+y)dx

Integrating LHS between 0 and z,
RHS between (0 and x we have,

4 x
J dz = —J (xz+y)dx
0 G

0
X
zzx—I [xz,+y, ] dx
0
X
zzr-—j[x(—x)+1]dx
0
I
zy =Xty
X
zaz—j[xzz+y2]dx
0
x 4 2
x x
23=—J.[—-1’2+€+1—?] dx
0
2 2
23T XTS5

From y, and z, by putting x = 0.1,0.2, 0.3 we obtain

y(01)=0995, y(02)=09801, y(03) =095
z(01) = ~0.0995, 2(02) = -0.196, z(0.3) = - 0.2867
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Alsowehave z’ = - (xz+y) and we have
z'(0)=-{0+1] = ~1
z'(01) = =[(0.2)(-0.0995)+0.995] = —0.985
z'(02) = -{(0.2)(-0.196)+0.9801] = - 0.941
2’ (03) = ~[(03)(-02867)+0956] = —0.87

Now we tabulate all these values.

T T R T T T 5=03 |
oL Mm nZ0 L g = 0901y =095 |
L vmE L %m0 | 5= -00995 2= -01% | 2= -028e7
A STl A =098 ] g -0941 | gy = :Oﬂ

We first consider Milne’s predictor formulae,

4h
yap) = y0+—3—(2z1—22+223)
4h ’ ! ’
zip) = zO+—3 (2z -z, +2z3 )

On substituting the appropriate values from the table we obtain
¥y7) = 09231 and AP = - 03692

Next we consider Milne’s corrector formulae,

h
yfic)=y2+§(zz+4z3+z4)
26 <, +ﬁ (z)/+4z+2z,)
4 273 \%2 374

Wehave 2, = —(x, {7+ y{P))y = ~[(04)(-0.3692) + 09231 | = - 0.7754
Hence by substituting the appropriate values in the corrector formulae we obtain
¥ = 09230 and ) = — 03692

Thus the required y(0.1) = 0.923
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25. Applying Milne’s predictor and corrector formulae compute y ( 0.8 ) given that y satisfies
the equationy” = 2yy andy & y ' are governed by the following values

y(0)=0, y(02)=02027, y(04) = 04228, y(0.6) = 0.6841
y'(0)y=1,y"(02)=1041, y'(04)=1179, y'(0.6) = 1468
Apply corrector formula t wice.

>> Puttingy* = zweobtainy " = % = 2’ & the given equation becomes z’ = 2yz

Now, z’(0) =0, z’(02)=2(02027)(1.041) = 0.422
2/(04) = 2(04228)(1.179) = 0.997
27(0.6) = 2(0.6841)(1.468) = 2.009

Now we tabulate all the values.

X Xy = 0 X = 0.2 Xy = 04 Xy = 0.6

y Yy = 0 y, = 02027 |y, = 0428 | y, = 0.684]
y' =z zp =1 z; = 1.041 z, = 1.179 z, = 1.468
y" =1z zy =0 z,) = 0422 z,) = 0.997 z,/ = 2.009

We first consider Milne’s predictor formulae,
4h
%(;P) = y0+—3— (221_22+223)
zflp) = 7.0+4—,;1 (22 -2z,/+2z))

On substituting the appropriate values from the table we obtain
yiF) = 10237 and z{") = 20807

Next we consider Milne’s corrector formulae,

h
yic) =Y, +3 (zy+42,+2,)

zflc) = zz+§ (22’+423’+z4’)
We have z," = 20 #F) = 41577
Hence by substituting the appropriate values in the corrector formulae we obtain

i€ = 10282 and 2{“) = 2.0584
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Applying the corrector formula again we have

y©) = 0.4228+%g [1.179+4(1.468) +2.0584 ] = 1.03009

Thus the required v (0.8 ) = 1.0301

EXERCISES

1. Use Picard’s second approximation to compute y (0.1 )and z (0.1 ) by solving the
system of equations

Yo xez, B %=y y(0) = 2,2(0) = 1

2. Use Picard’s method to solve the system of equations
% = y+2z, g—z =3+2z ; y=6, z=4 when x = 0 by finding three
approximations. Hence find y and zat x = 0.02

3. Use the fourth order Runge-Kutta method to obtain the solution of the following
system of equations at x = (.3

dy dz . . 3 N
de = 1txz, ety =0, x=0,y=0, z=1

4. Solve the following system of equation using Runge- Kutta method of order 4
by taking h = 0.1

dx _ dy _ Cx=1, y= .
i —t, dx—x+t rx=1,y=1at t =0
dzz dy
5. UsePicard’smethodtosolved 2 T Xty giveny (1) =2 =y"(1)

Compute y (1.2) correct to two decimal places.
6. Solvey” = 1+2yy’; y(0) =1, ¥'(0) = 1 by applying Picards method.
Compute y (0.2)

2

7. Use fourth order Runge-Kutta method to solve the equation 2y =x dy +y
dx? dx

giventhaty = 1and g';i = Owhenx = 0. Compute y and % atx = 0.2

8. Solve y”+4y = xy giventhat y(0) =3 and y'(0)=0.
Compute y (0.1) using Runge-Kutta method of order 4.

9. Apply Milne’s method to compute y (0.4 ) given the equation y” +y’ = 2 ¢ and
the following table of initial values. Compare the result with the theoretical value.
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x 0 0.1 0.2 0.3
y 2 2.01 2.04 2.09
y’ 0 0.2 0.4 0.6

o B U

. Solve the equation y” +y’ = 2x at x = 0.4 by applying Milne’s method given
thaty =1, y’=-1 at x = 0. Requisite initial values be generated from
Picard’s method.

ANSWERS
. y(01) = 20845,z (0.1) = 0.5867
.y3=6+14x+33x2+%x3 ; 23:4+26x+47x2+%x3 ;

y(0.02) = 62935, z(0.02) = 45393

y(03) = 03448, z(03) = 09899 4. x(0.1) = 1.1003, y(0.1) = 1.1102
y(12) = 2.49 6. y(02) = 12736

y(02) = 10202, ' (0.2) = 0204 8. y(0.1) =294

y(04) = 216 10. y(04) = 0.6897



